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Abstract 

The boundary OSP(l|2) WZNW model possesses two types of branes, which are 
localized on super symmetric Euclidean AdS2 and on two-dimensional superspheres. 
We compute the coupling of closed strings to these branes with two different meth- 
ods. The first one uses factorization constraints and the other one a correspondence 
to boundary N = 1 super-Liouville field theory, which we proof with path integral 
techniques. We check that the results obey the Cardy condition and reproduce the 
semi-classical computations. For the check we also compute the spectral density of 
open strings that are attached to the non-compact branes. 
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1 Introduction 

Conformal field theories (CFTs) with target-space supersymmetry play an important 
role in areas as superstring theory and condensed matter physics. In particular two- 
dimensional models are building blocks of superstring theories with AdS-background, 
which are important for the AdS/CFT correspondence pQ. Moreover, the computation 
of spectral densities and transport properties in systems with random disorder involve 
theories with internal supersymmetry j2] . In both cases orthosymplectic supergroup sym- 
metries appear frequently. Especially the coset model OSP(l|2)/U(l) with target-space 
and world-sheet supersymmetries has been recently proposed in [3] to describe the two- 
dimensional superstring, which is holographically dual to a Hermitian matrix model |U[S]. 

Two-dimensional conformal field theories with target-space supersymmetry are non- 
unitary and non-rational. A class of such models are Wess-Zumino-Novikov-Witten 
(WZNW) models with Lie supergroup target. Recently, a variety of methods were de- 
veloped to treat these models. The idea is to reduce the model to a simpler problem 
that is already understood. Most importantly the computation of correlation functions 
in WZNW models of unitary (type I) supergroups can be reduced to computations on 
the WZNW model of its bosonic subgroup plus some free fermions [6j. Unfortunately 
these free-field methods do not carry over to the family of orthosymplectic (type II) su- 
pergroups. In this case an idea is to generalize the correspondence between Euclidean 
AdS and bosonic Liouville theory EJ [9J |TU] . For this the path integral derivation of the 
correspondence [10J is very suitable. Indeed it is shown that the correlation functions of 
OSP(N|2) WZNW models can be computed in terms of N — (N,N) super-Liouville field 
theory [TTjFl 

It is a natural task to extend these works to world-sheets with boundary. We will recall 
some of their features. So far, the boundary GL(1|1) WZNW model is well understood, i.e. 
boundary states and correlation functions are computed [15j [161 H3 HH] • The computation 
of correlation functions can be performed in a similar free fermion realization as in the 
bulk case of type I supergroup. The difficulty in establishing the formalism is to find the 

1 Structure constants for N = 1 case have been obtained explicitly in [TT] with the knowledge of those 
of super-Liouville field theory [TJl [13] , see also [14] . 



2 



appropriate boundary term of the action and it involves additional fermionic boundary 
degrees of freedom. This situation is known from world-sheet supersymmetric models as 
super-Liouville field theory [HI [T9J, [20] and in general from matrix factorization [21] . It 
may indicate that the OSP(N|2) to M = (N,N) super-Liouville correspondence also holds 
for the boundary models. Beyond the GL(1|1) WZNW models, some boundary spectra 
of PSL(2|2) sigma models have been studied [22]. Furthermore, it is known that branes 
on super groups are described by twisted super conjugacy classes [23] . 

In this work we combine our experience from bulk OSP(N|2) WZNW models and 
boundary supergroup models to understand the boundary OSP(l|2) WZNW model. We 
find that there are two classes of branes in the OSP(l|2) WZNW model. We call the 
first one (super) AdS2 branes, because the geometry of their bosonic subspace is AdS2- 
These branes have super-dimension 2|2. The other class are spherical ones, also of super- 
dimension 2 1 2. When the sphere degenerates to a point, there is as well a point-like brane 
as a two-dimensional one in the fermionic directions. 

Branes are characterized by their coupling to closed strings. These couplings are 
expressed in boundary conformal field theory by bulk one-point functions on a disk or 
equivalently by the boundary state. One the other hand, with the boundary state we 
can compute the partition function of open strings ending on the branes via world-sheet 
duality [21] . In general its computation is more involved than in rational boundary CFTs, 
since the boundary state involves a non-trivial spectral density. This happens when the 
open string spectrum is continuous, which is usually the case in non-compact and non- 
rational theories. The spectral density can be obtained from the reflection amplitude 
describing scattering of open strings and thus contains information about this process. 

In this article, we compute these quantities in two different ways. The first one is to 
proceed in analogy with its bosonic cousin, the H% model, or Euclidean AdS3 model. In 
order to compute bulk one-point functions on a disk, we utilize two-point functions with 
a degenerate operator. They can be factorized into two ways, and constraints can be 
obtained by comparing the two expressions. The one-point functions are then obtained 
by solving these constraints. We test these one-point functions by careful analysis of their 
classical limits. For the super AdS2 branes we determine the spectral density of open 
strings between them and check that it is consistent with the one-point functions via 
world-sheet duality. The second approach is less direct. We extend the correspondence 
between Af = 1 super-Liouville field theory and OSP(l|2) model to the boundary case. 
We can then use the results of boundary Af = 1 super-Liouville field theory in, e.g., [H]. 
One advantage to the previous approach is that we can easily obtain one-point functions 
of bulk operators in the NSNS-sector as well,§ 



2 In this paper we call the NS-sector as the one with the anti-periodic boundary conditios for worldsheet 
fcrmions. If we would like to treat fermions as the Grassmann odd coordinates of target-space, then they 
should satisfy the periodic boundary condition, in other words, they are in the R-sector. 
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The article is organized as follows. We start in section 2 with some geometric consid- 
erations. In particular, we find a semi-classical expression for the boundary states. This 
allows us to read off the semi-classical limit of closed string couplings to the branes. In 
section 3 we review the basic properties of bulk OSP(l|2) WZNW model. In particular, 
we show how OSP(l|2) symmetry restricts the form of correlation functions generically. 
Previous results of two and three point functions in [TT] are also given. In section HI they 
are used to obtain bulk one-point functions in the boundary theory. Then in section 5 we 
derive a correspondence between the boundary OSP(l|2) theory describing super AdS2 
branes and M = 1 super-Liouville theory with boundary. In section 6 we verify that 
our results agree with world-sheet duality. Namely, the bulk one-point functions define 
the boundary states, whose modular S-transformation leads to the open string partition 
functions. Section 7 concludes with a summary of results and a list of interesting open 
problems. The appendices contain detailed computations of correlation functions and a 
derivation of the action of the OSP(l|2) boundary theory describing super AdS2 branes. 



2 The semi-classical limit of branes 

The analysis of the branes' geometry already provides useful information of the closed 
string. The boundary states contain the information of the closed string couplings to 
the brane. In the semi-classical limit this boundary state becomes a delta-distribution 
localized on the brane. The aim of this section is to rewrite these semi-classical boundary 
states in such a way that we can identify the semi-classical limit of the closed strings 
couplings to the brane. 

The results are as follows. We will find two types of branes, whose bosonic subspaces 
are AdS2 and spherical ones. The geometry of the spherical ones are superconjugacy 
classes of OSP(l|2), while the AdS 2 branes are twisted superconjugacy classes. In both 
cases, we can characterize the branes by the position a of the (twisted) super conjugacy 
class. The delta-distribution then has the following form 

S(g-a) = j dj j d 2 ud 2 \ (<S> h (u,\\g))* (<S> h {u,\\z)) a , (2.1) 

where ^h(u, X\g) are eigenfunctions of the Laplaciarjfl and (<&h(u,\\z)) a are the corre- 
sponding closed string couplings in the semiclassical limit. For the AdS 2 branes they are 
precisely 

(<5> h (x,\\z))ff \ X + X + \\\^ e s g n(x+x)r(-2h+l/2) ^ 

(2.2) 

($ h (x,\\z))^ s k t°° sgn{x + x)\x + x-\\\- 2h e s ^ x+ * )r{ - 2h+1/2 \ 
3 The dual function is \\g))* = $-h+i/2( u > X\g). 
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(2.3) 



and for the spherical ones 

(<S> h (u,\\z)) 8 ^ e fc ^°° |l + uu + AA s |" 2 ' l sinh(Ao(2/i- 1/2)) and 

(® h (u,\\z)} s ^ e \l + uu- AA tt |- 2/l cosh(A (2/i-l/2)). 

The remainder of this section is the explanation of (12. 2 p and (12.31) . The analysis is similar 
to the one of its bosonic cousin, the H% model 



2.1 Geometry of the branes 

In this subsection we describe the geometry of the branes in OSP(l|2) following the 
general analysis of branes on supergroups [23] • We want to describe branes that are 
maximally symmetry preserving, i.e they preserve conformal symmetry as well as the Lie 
super algebra current symmetry. Such branes are described by automorphisms u of the 
Lie superalgebra which respect its invariant metric. The left and right moving currents are 
glued together along the boundary of the worldsheet with such an automorphism ensuring 
current and Virasoro symmetry on the boundary. We want to describe branes that are 
maximally symmetry preserving, i.e they preserve conformal symmetry as well as the Lie 
super algebra current symmetry. Such branes are described by automorphisms u of the 
Lie superalgebra which respect its invariant metric. The left and right moving currents 
are glued together along the boundary of the world-sheet with such an automorphism 
ensuring current and Virasoro symmetry on the boundary. Similar to Lie group WZNW 
models [26] these gluing conditions describe branes localized at twisted super conjugacy 
classes 

C£ = { uj(b)ab~ l | b e G } . (2.4) 

We turn to OSP(l|2). The Lie superalgebra osp(m|2n) is most conveniently expressed 
in a matrix representation as 



osp(m|2n) = {X G gl(m|2n) | X st B m , n + S m>n X = 0} 
where the supertranspose is given in (IA.4I) and 

, where J n = 
Thus osp(l|2) is represented by matrices as 



(2.5) 



B r , 





(2.6) 





I 





0- o+ \ 


A = 




o + 


a b 




\ 


-6_ 


c —a J 



(2.7) 



5 



We obtain elements of 0SP(1|2) by exponentiation. Moreover, we require that our 
OSP(l|2) valued fields are super-hermitean, i.e. they satisfy g = g*. The super-hermitean 
conjugate f is complex conjugation concanated with supertransposition. Here complex 
conjugation for Grassmann numbers is the super star operation Jj, see appendix|A] Strictly 
speaking this means that our model takes values in the coset of super-hermitean matri- 
ces. This situation is analogous to Euclidean AdS3 or H%, which is the coset of SL(2) 
consisting of hermitean matrices, and it means that the bosonic subspace of our model is 
Euclidean AdS3. 

Let us turn to gluing automorphisms. All automorphisms of osp(l|2) are inner. 
Nonetheless, the geometry of branes corresponding to different gluing maps can differ. 
The reason is that the automorphisms are not related as automorphisms of the coset of 
super-hermitean elements. The same situation appears in the H% model, and it is ex- 
plained in [25] . In that case there are essentially two different types of branes, and their 
geometry is AdS2 and S 2 . The branes we are going to study are their analogs in OSP(l|2). 

The gluing map that we want to consider acts in our matrix representation by conju- 
gation with the matrix 



/ 1 \ 



X 



(2.8) 



1 
\0 -1 0/ 

Note that X acts exactly as (—1) ° (st). This automorphism has order four and its fix 
points form a one- dimensional space. This implies that all branes have co-dimension one. 
Moreover the restriction of the twisted super conjugacy class 

C? = { g = XbX^ab- 1 | b e G } (2.9) 

to its bosonic subspace is Euclidean AdS2- Hence we describe supersymmetric AdS branes 
of super-dimension 2|2. The geometry of branes corresponding to the gluing automor- 
phism that is conjugation by the inverse of X is also supersymmetric AdS. The open 
string ends on the brane, which means that the Lie supergroup valued field g describing 
the string is restricted to its branes world- volume, the twisted super conjugacy class. This 
allows us to read off the Dirichlet boundary conditions 

strpr -1 ^) = str(6X _1 a6 _1 ) = str(X -1 a) = constant. (2.10) 

The second class of branes is described by (untwisted) super conjugacy classes 

C a = { bab^ 1 | b e G } . (2.11) 

In this case three different types of geometries arise. The restriction of these super con- 
jugacy classes to its bosonic subspace are two-spheres, which would degenerate to points 
at the identity. In this case also the super conjugacy class becomes zero- dimensional in 
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the fermionic directions. If we instead choose X 2 = (— 1) F as gluing condition, then the 
twisted super conjugacy classes are also superspheres of dimension 2|2, but at the iden- 
tity they degenerate only to a point in the bosonic direction while still extending in the 
fermionic ones. Note that these non-generic branes resemble those of GL(1|1) [15]. In 
this spherical case the Dirichlet condition is 

str(g) = str(6afe _1 ) = str(a) = constant . (2-12) 

The Dirichlet conditions can be stated more explicitly. We parameterize an OSP(l|2) 
group element by a real number 0, a complex number (7,7), and a complex Grassmann 
number (8,8$). It then reads 
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( l + 00» e -* 8e^ #» + #7e-^ \ 
0$ e -4> e -4> e -4>^ 

\ -8 + 7^e"* 7e"* -88* + 77e"* + / 



(2.13) 



In this parameterizations super AdS branes are described by the following Dirichlet con- 
ditions 

±^ + 7-7 = ice 4, . (2.14) 
Here ± corresponds to conjugation by X . The super spherical ones satisfy 

e - *(±00 fl + 77 + l) -dd^ + e* = c (2.15) 

for some real constants c. Plus corresponds to conjugation with (— 1) F and minus to the 
trivial gluing automorphism. 

2.2 The semiclassical boundary states 

In this section we rewrite the delta-distributions corresponding to the branes in terms 
of eigenf unctions of the Laplacian, which allows us to identify the semiclassical limit of 
bulk one-point functions. We proceed as [25]. First, we need a suitable parametrization 
of eigenfunctions of the Laplacian. The Laplacian is obtained as the Casimir for the 
invariant vector fields. As such it is clear that the supergroup element g (12.1 3p is an 
eigenfunction. The Laplacian reads explicitly 

A = ^dl-^ + e^d^- ^(80 + 88^(8^ + 8%). (2.16) 

Let v = (X,u, 1) a complex vector, A Grassmann odd, and v$ = (— A",tt, 1)* its super- 
adjoint. Then we define the field 

* fc (u,%) = (vgvi)- 2h 

(2.17) 

= (-|A-0| 2 + e^|w + 7 + A0| 2 + e*r 2/l 
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and compute that it is indeed an eigenfunction 



A$/i(it, X\g) = h(h-l/2)$ h (u,\\g). (2.18) 

The representation label takes values h — 1/4 — iP/2 with P in R and non-negative. 
Let k be an element of the complexification of OSP(l|2), then for 



/ a e 1 e 2 \ 

6 li a (3 
\0 2t 7 S ) 



(2.19) 



$h transforms as follows 

$ h (u,\\kg&) = |A^ 2 + M/3 + 5|' 4h $ h (fc-M,fc- A|#), (2.20) 

where 

t .„ = and fc ■ A = A f fl r 9 'l + f ■ < 2 - 21 > 

A6> 2 + w/3 + 5 A6> 2 + up + 5 v ' 

It is convenient to summarize k ■ u and k ■ A in a vector t> ' = (A; • A, k • u, 1). In terms of v 

this vector reads 

Now suppose that /c satisfies 

fct = X^X" 1 (2.23) 
for some X in OSP(l|2), then we get 

= = ^'^ (2 24) 

1 ; " \\6 2 + uf3 + 5\ 2 ' \\e 2 + uP + 5\ 2 ' y ' ' 

As a result, we get that the distribution representation 

D h e [f] = J d 2 ud 2 \ \vX- 1 v % \ 2h - 1 8&f(ivX- 1 v x ) J dk$ h {u,\\k)f{k) (2.25) 

is invariant under conjugation, that is 

D h e [f\ = D h e [T g f] (2.26) 

where T g f(k) = /(g^k^g^ 1 )^) for all g satisfying (I2.23p . This means that we found 
a distribution which does not depend on the position in the orbit of the twisted super 
conjugacy class C* . Especially we can view the distribution as a distribution in one 
variable labeling the position of the twisted super conjugacy class, i.e. 

D h e [f{k)\ = Dt\f(a)). (2.27) 

Now / = f(a) is a function on the position of the twisted super conjugacy class. Since 
$/j is an eigenfunction of the Laplacian, the distribution D h must be as well. But this 
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only depends on the position of the twisted super conjugacy class a = exp(ipt) (here t 
is fixed under conjugation by X), thus the eigenfunctions Eh(if>) satisfy the second order 
differential equation 

AE h (ip) = h{h-l/2)E h {if)). (2.28) 

Hence, we get 

J d 2 ud 2 \ \vX- 1 v t \ 2h - 1 sgD e (ivX- 1 v t )$ h (u,\\k) = K+ e E£(il>)+K^ e E^(il>), (2.29) 

where E^(if)) are two independent solutions to (I2.28p . 

Our goal is to rewrite the delta-distribution 5(ip — r) in terms of wave-functions. We 
have reduced this problem to finding the eigenfunctions E h (ip), the coefficients K he and 
functions f^r), such that 



W-r) = J dh(K+ e E+(if))+K^(if)))f^(r). (2.30) 
This will be done case by case. 

2.2.1 Super AdS 2 branes 

We start with the AdS-type branes with gluing automorphism conjugation by X 
(12. 8p . We parameterize a group element in twisted super conjugacy class form, i.e. 
g = XbX^ab- 1 ) with 

I 1 \ 

a = cosh-?/' zsinh^ . (2-31) 

y — % sinh if) cosh if) J 
In these coordinates the Dirichlet boundary condition (I2.14p reads 

s\x(X~ l g) = l-2isinh^ = 1 + e~*(00 fl + 7 - 7) = constant. (2.32) 
The Laplacian modulo b is 

rdl + t T , dti + t — i—dd 



l g2 l sinh^ ^ + i_ 1_ 

4 ^ 4 cosh if) ^ 4 cosh if) 



1 2 1 sinh(^/2 + m/4) 
4 ^ + 4 cosh(VV2 + m/4) 



' [d% - i) cosh(^/2 + Z7T/4) 



4cosh(^/2 + ivr/4) v * 4 
and its eigenfunctions with eigenvalue h(h — 1/2) are 



±(2/i-l/2)V 

^«'> = co S h W 2 W 4) - < 2 ' 34 » 
9 



The coefficients K^ e are fixed by the asymptotic behavior of the functions We use 
the following result of [25] 

7T 7T 

This implies the asymptotic behavior 

& h (u,\\g) \j-u- Xe\- 4h e 2h<t) + ^j^5 2 ( 1 -u- X6)e^- 2h ^+ 

+ | A - £| 2 | 7 - u |-4fc-2 e (2fc+i)« + ^ _ ^|2 5 2 (7 _ u)e (i-«0* (2.36) 

|t - u - \e\- 4h e 2h<t) + n\X - #| 2 5 2 ( 7 - u)e^- 2h ^ . 
Another result of [25] is the integral 

/ d 2 u \u + u\ a sgn e (u + u)\u- 7 |- 2a " 4 = -^-(-l) e | 7 + 7 |- a - 2 sgn £ ( 7 + 7 ) . (2.37) 
Jc a + 1 

This integral together with 2smhip ^~^7°° e'^' as well as (I2.32p and (I2.36P implies 
d 2 ud 2 \ \vX- 1 v x \^-h^{ivX- 1 v t )^ h {u,\\k) 



1 

1 + 2/i 

sgri ^(i( 7 _ 7 )) ^(i( 7 _ 7 _ ee 6 )) 211 - 1 + i(i(7 - 7 - ^«))- 2ft ) 

(2.38) 

This allows us to rewrite 

e (^-r)(-2/i+l/2)_|_ e -(^-r)(-2/i+l/2) = 

(2.39) 

= K ft y rfWA |vX-V| 2ft - 1 $ /l (u,A|p)(do(r) - sgn(zi;A:- 1 T;*)di(r)) 

with 

d (r) = sgn(r) cosh(-r(-2/t + 1/2) - in/A) , 

rfi(r) = sgn(r) sinh(— r(— 2/i + 1/2) — in/4) and (2 40) 

cosh(-^/2 + in/ 4) 
Kh = (h + 1/2) • 

Notice that /i = 1/4 — zP/2 for non- negative real number P. Hence we arrive at the 
following expression for the delta-distribution of the AdS-like brane 

8{ip - r) = J dPn h J d 2 ud 2 \ |uX"-V| 2h-1 $fc(it, X\g){d {r) - sgn(ivJrV)di(r)) . 

(2.41) 
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Recall that the dual wave function is ($/,,(«, A|g))* = $_ft, + i/ 2 ( , u, A|g). 

We can finally conclude that the bulk one-point function behaves as follows in the 
semiclassical limitQ 

($ h (u, \\z))%j* k ^°° \U-U+ \\t\-^ e sgn(i(u-u))r(-2h+l/2) _ 

There are two choices of lifting complex conjugation to Grassmann numbers, the super 
star (j and the bar operation. In the full field theory it is more convenient for us to work 
with the bar. The two operations are related as in (IA.3I) . With u = ix the semiclassical 
limit is 

A|*))£f k ^°° \x + X + \\\-^ e sgn(x+x)r(-2h+l/2) _ ^ ^ 

We can repeat the analysis for conjugation by X~ l as gluing automorphism instead of X. 
In that case the semiclassical limit behaves as 

(<S> h {x,\\z)) AdS k Z°° sgn{x + x)\x + x - XX\- 2h e ssa{x+s)r{ - 2h+1/2) . (2.44) 

Eventually, as in (I4.23P and (I4.24p . we will see that this is indeed the behavior of the bulk 
one-point functions in the semiclassical limit. 

2.2.2 Fuzzy supersphere branes 

The fuzzy-sphere like branes are described by the identity gluing automorphism. We 
parameterize an group element as before (bab~ l ) with 



/ 1 \ 

e A 

A 



(2.45) 



\ e- A ) 
The branes are characterized by the equation 

str(#) = e^(66 - 77 - 1) + 1 + 66* - e 4, = 1-2 cosh(A) = constant , (2.46) 

where A is the radius of the spherical branes and hence we restrict it to be non-negative. 
The Laplacian in these coordinates modulo b is 



1 2 lcoshA 1 1 



1 o2 1 sinh(A/2) n 

S + 4^m dA (2A1) 



'Here k means the level of OSP(l|2) current algebra. 
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Its eigenf unctions with eigenvalue h(h — 1/2) are 



e 



±(-2ft+l/2)A 



In this careful analysis of the asymptotics gives 

cosh(A(2/i - 1/2)) = KhJcPuufXlvv^^hi^Xlg) (2.49) 

with 

_ cosh(A/2) 

Kfc " (A + 1/2) ' ( 5Uj 

Since A is non-negative, the delta-distribution for spherically branes is 

<J(A-Ao) = J dPn h J d 2 ud 2 \ \vv x \ 2h - x <S> h {u,X\g)cosh(h {2h- 1/2)). (2.51) 

We conclude that the bulk one-point function behaves as follows in the semiclassical 
limit 

($h(u,Mz))tT |l + ^-AA»|- 2/l cosh(A (2/i-l/2)). (2.52) 

The analogous result for spherical branes with gluing automorphism conjugation by X 2 
instead of the identity map is 

(<S> h {u,X\z)) 8 ^ e fc ^°° |l + nn + AA s |- 2/l sinh(A (2/i-l/2)). (2.53) 

In this case, the result in the full quantum theory will have a similar form but the param- 
eter Aq will be imaginary. This is analogous to the spherical branes in H% [25] . 



3 OSP(l|2) WZNW model 

Closed string sector of OSP(l|2) WZNW model has been studied in [II] . and in this 
section we review the results in a different form with manifest OSP(l|2) symmetry. First 
we introduce the OSP(l|2) current algebra, then we give some general arguments concern- 
ing correlation functions. After this we restrict ourselves to concrete examples, such as 
two, three and four point functions. In particular, we give explicit forms of two and three- 
point functions. Finally, we discuss several useful facts on degenerate representations since 
a degenerate operator will be utilized to compute a specific four point function. 

In the SL(2) WZNW model, there are several bases for vertex operators, such as m- 
basis, x-basis and /^-basis, which are related by Fourier transforms. Among them, x-basis 
is useful to keep track of the SL(2) symmetry, and it might be interpreted as a coordinate 
of boundary theory as in, e.g., [271 128] . In our case we introduce one fermionic parameter 
£ along with x, which may be interpreted as a super coordinate of boundary theory. The 
super coordinate (x, £) has been used to describe J\f = (1,1) superconformal field theories 
in two dimension, so we can utilize the methods developed for them. As a good review 
see for example [29J. 
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3.1 OSP(l|2) current algebra 

Let us start from superalgebra OSP(l|2). The generators of bosonic subalgebra SL(2) 
are denoted by E ± ,H and for the other fermionic generators we use F^. The relations 
between these generators are 

[H, £±] = ±E ± , [H, F±] = ±\F ± , [E+, E-] = -2H , (3.1) 

[J^, F T ] = ±F ± , {F\ F-} = -\H , {F ± , F±} = \E± . 

As mentioned above, here we use the representation labeled by a commuting parameter 
x and an anti-commuting parameter £. With these parameters the generators can be 
written as 

V E+ =d x , V H = -xd x - -h, V E ~ = x 2 d x + + 2xh , 

V F+ = §(3 C + Zd x ) , T> F = \x{d^ + £d x ) + £h . (3.2) 

The second Casimir 

A = EH - -{E + E~ + E-E+) + (F + F~ - F~F + ) (3.3) 

is h(h — 1/2) in the above representation^] 

An affine extension of the above superalgebra may be expressed by currents. The 
bosonic subalgebra is generated by J 3 (z) and J ± (0), whose OPEs are 

J + (z)J-(0)~\- 2 -^ , j\z) J±(0) ~ ±^ , J 3 (z)J 3 (0)- 1 



z 2 z z 2z 2 

(3.4) 

In addition to these bosonic generators, there are fermionic ones with 

</W(0) ~ , ^W(O) ~ ±^ , (3.5) 

2z z 2z 2z 

Here k represents the level of current algebra. The energy momentum tensor can be given 
by the Sugawara construction as 



T(z) ' 



k - 3/2 



-J\z)J\z) + l -{J+{z)J-{z) + J-(z)J + (z)) (3.6) 



+ 3 + (z)j (z) -r(z)j + (z) 



'Here h is related to j + 1/2 = — h with respect to j in [IT] . 
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where normal ordering is assumed for the operators at the same position. The central 
charge is c = 2k /{2k — 3). 

With these currents primary fields can be defined as 

J A (z)Q h (x, i\w) ~ ^^>h{x, i\w) , (3.7) 

where J H = J 3 , J H± = J ± , and J F± = j ± . The eigenvalue of the energy momentum 
tensor is given by = —2b 2 h{h — 1/2) with b 2 = l/{2k — 3). The anti-holomorphic part 
can be defined similarly. It is related to complex conjugation as 

{.my = -j\z) , {j±{z)y = jt{- z ) , {f{ z) y = ±r{- z) , (3.8) 

thus we may define, for instance 

V E ~ =d s , V H = xd s + |£<% + h , V E+ = x 2 d x + + 2xh , 

V p - = §(% + ^) , V F+ = -\x{d-z + fa) - lh . (3.9) 

3.2 Correlation functions 

Recall that the Lie superalgebra OSP(l|2) appears as a subalgebra of super Virasoro 
algebra. If x is treated as a holomorphic coordinate of some (space-time) conformal 
field theory, then £ can be thought of as a super-coordinate in a superfield formalism as 
mentioned above. Just like the form of correlation functions in Af = (1,1) superconformal 
field theories is restricted due to the superconformal symmetry, the form of correlation 
functions of OSP(l|2) WZNW model is also fixed to some extent by the OSP(l|2) global 
symmetry. 

Consider a iV-point function 

ZN=(j[Qh i (xi,Zi\z i )^ , (3.10) 

where Zi denote the positions of vertex operators inserted on the worldsheet. The depen- 
dence on Zi is fixed in part by SL(2) subalgebra of Virasoro algebra as usual. A novel point 
is the dependence on Xi and £j. Since the superalgebra OSP(l|2) has super-dimension 3|2, 
we can fix three of Xi and two of In other words, the iV-point function can be given by 
a function of iV — 3 bosonic cross ratios and N — 2 fermionic cross ratios. Bosonic ones 
are given by 

Xa — ~T? 77 5 Xij = Xi — Xj + £j£j , (3-11) 

^-13^- 2a 

with a = 4, 5, • • • , N. On the other hand the fermionic ones are 

Va = {X l2 X la X 2a )~ 1 / 2 {X 2 M + X al £ 2 + X 12 £ a - (3.12) 
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with a = 3,4, • • -N. Utilizing the symmetry we can restrict the iV-point function as 

I N \ 

Yl^hi{xi } (i\zi) \ =]\\z l] \- 2A ^\X ij \- 2 ^F(X a ,X a ,r ]a ,f ]a -,w a ,w a ) , (3.13) 
where 

Y,A ji = 2A i , ^hji = 2hi, Wa = Z -^. (3.14) 

. _, . . ,. ^13^2a 

3^ 

Here A« represents the conformal weight of 

In WZNW models we can construct the energy momentum tensor in terms of cur- 
rents by Sugawara construction as in (13. 6p . This leads to Knizhnik-Zamolodchikov (KZ) 
equation which the correlation functions satisfy. In our case they are written as 

^ _ J- Jk-\Z N = (3.15) 

3+1- J 

with k = — I /4b 2 and 

Qij = Vfvf - \{Vf + Vf~ + Vf'vf ) + (V( + Vf~ - V[~Vf + ) . (3.16) 
With the explicit form of (I3.2p we find 

Q12 = -(|aJi2 + 1^12616) (9*1 (9*2 + (x 12 h 2 + 5/1266)^1 + faihi + |/ii6Ci)^ 2 

+ f (a - 6)<% + %K6 - 6)% + (1*126 - |z 12 6)£w% 2 (3.17) 

+ (5*216 - i*2i6)%<9x 2 - |(*i2 + 66)^1^6 + ^1^2 , 

and similarly for other Q^. 

3.3 Two, Three and four point functions 

Two and three point functions of OSP(l|2) model have been obtained explicitly in [11] 
by utilizing the relation to M = (1, 1) super-Liouville field theory. Let us start from the 
two point function. It can be fixed by symmetry and is given by 

($ h (x,£|*)MzUV)> ( 3 - 18 ) 

1 W + h>- W 2 \x - m - 6I 2 + 6{h ~ h ' )m 



with some function D(h). The function was obtained in [IT] as 

D(h) = v~ ih+l 1 (b 2 (k- 2/i-l)) (3.19) 
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with j(x) = r(x)/r(l — x). Here v is some parameter. 
For the three point function, the form is restricted as 

3 



z 3 =(n^(^&N)=n 



-2A,- 



-%j | 



\X tJ \~ 2 ^ (C(h u h 2 , h 3 ) + C(h u h 2 , h 3 )rjfj) 



,i=l 



i<j 



(3.20) 



with 



A 12 = A x + A 2 - A 3 , 7l2 = h 1 + h 2 -h 3 , (3.21) 

and so on. Notice that the three point function depends on one fermionic cross ratio 

77 = (X 12 X 23 X 13 r 1/2 (X 23 6 + X 31 £ 2 + X 12 £ 3 - 666) , (3.22) 

while the form of three point functions in a bosonic theory can be fixed uniquely by 
symmetry up to an overall coefficient. The information of three point function is therefore 
encoded in the two functions C(h\, h 2 , h 3 ) and C(hx, h 2 , h 3 ). 
The explicit expressions are [UJ 



c{h Xl h 2 M = (yw ) 



b 2 \-2h+2 

T^ s (0)T R (46/n - b)T R (Abh 2 - b)T R (4bh 3 - b) 



T R (2bh - b)T NS (2bh 12 )T NS (2bh 23 )T NS (2bh 31 ) ' 



(3.23) 



C(h 1 ,h 2 ,h 3 ) = b- 1 (vb b ) 



T' NS (0)T R (46/i 1 - b)T R (Abh 2 - b)T R (4bh 3 - b) 



T m (2bh - b)T R (2bh 12 )T R (2bh 23 )T R (2bh 31 ) 
with h = hi + h 2 + h 3 , h\ 2 = h\ + h 2 — h 3 and so on. Here we have used the notation in 



r N s(x) = rmrr^ 



nsw = 1 y 2 ) 1 y 2 ) > j-r 

where the T function is introduced in [301 EI] as follows 

Q 



T R (x) = T(2^)T(2if 



InTfa;) 



00 dt 

T 



c -»(^ X V sinh 2 (f-x)t 
2 / sinh fet sinh | 



Under the shifts of their argument, they behave as 

T NS (x + b) = 6- te 7 (| + ¥) T RW > T h(* + b ) = ^7(t) T ns0t) 



Tn S (x|1) = ^ + ») 



T R (x + i)=6- 1+ f 7 (f)T NS (o;) 



(3.24) 



(3.25) 



(3.26) 



(3.27) 



From the above argument we can see that the operator product expansion (OPE) is 
of the form 



®h 1 (x 1 ,£ 1 \z 1 )® hi (x 2 ,£ 2 \z 2 ) = J [dh]\z 12 \ 



2A-2Ai-2A 2 |v |2/t-2/n-2/i2 
bM2 



X 



(3.28) 



C(h;h u h 2 )[<$> h (x 2 ,&\z 2 )} ee + \X 12 \ 1 C(h;h u h 2 )[^ h (x 2 ,^ 2 \z 2 )] c 
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where [*] ee represents the terms with even number of Grassmann odd variables and starts 
from One the other hand [*] OQ represents the terms with odd number of Grassmann 
odd variables and starts from |£i — £ 2 | 2 $/i. The rest is fixed by the symmetry. The explicit 
forms of the first few terms may be found in, e.g., |29j . 

In a similar way, the four point function can be written in terms of one bosonic cross 
ratio and two fermionic cross ratios. The four point function takes the form of 

^4= (n^K&N/ =]l\z i j\- 2 ^\X ij \-^F{X,X,X2,X2,X3,X3]z,z) , (3.29) 

\ i=l I i<j 

and we set 

A 24 = -Ax + A 2 + A 3 + A 4 , A 13 = 2A 3 , 

A12 = Ai + A 2 - A 3 - A 4 , A M = Ai + A 4 - A 2 - A 3 , (3.30) 
724 = -h + h 2 + h 3 + h 4 , 7i 3 = 2h 3 , 

712 = hi + h 2 - h 3 - hi , 714 = hi + h± — h 2 — h 3 . (3.31) 
Addition to the worldsheet cross ratio z = hj 4 , the bosonic cross ratio is X = X 4 in (13. lip 



as 



x = X 12 X 34 = (xi -x 2 + £16X^3 -x 4 + £ 3 £ 4 ) 32 
X 13 X 24 (x 1 -x 3 + £ 1 £ 3 )(x 2 -x li + £2U) 
and the fermionic ones used here are 

X3 — (Ai 2 X 24 Xi 4 ) 1 ^ 2 (X 24 ^i + X 4 i^ 2 + Xi 2 ^ 4 — ^i^ 2 ^ 4 ) , (3.33) 

X 2 = -v / X(X 13 X 14 X 34 )- 1 / 2 (X 34 e 1 + X 41 £ 3 + X 13 e 4 - te 3 &) . 

We may fix the parameters as xi — > oo, x 2 — > 1, x 3 — > x, x 4 — > by setting £i — > xtf, 
^2 — > 0, ^ 3 — > £4 0. Then we can express the four point function with the three 
parameters (x, 77, £) in a quite simple way. Notice that (X, XsiXz) ma P to (x,r),£ — xrj). 
In general it is quite difficult to find out the explicit expression of the four point function. 
However, if one of the operators is in a degenerate representation, then we may be able 
to have the explicit form by solving the Knizhnik-Zamolodchikov equation ( I3.15p . In fact 
we will utilize four point function with a degenerate operator $^/ 2 to obtain one point 
functions of bulk operator on a disk. The expression of the four point function is given 
in appendix [B] 

3.4 Degenerate representation 

A state belongs to a degenerate representation, when a descendant constructed by the 
action of currents becomes a null state. If we require the null state to vanish, then we have 
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some equations which correlation functions have to satisfy. Along with the KZ equation 
we may be able to obtain explicit expressions for correlation functions. According to [32] 
(see also [33] for instance), there are degenerate representations with 

-4h r>s + 1 = r + -| . (3.34) 

The integers r, s satisfy r + s — 2Z + 1, and r > 0, s > or r < 0, s < 0. 

We can easily understand the case of s = 0. In this case the representation of zero 
modes with r > is r-dimensional, and in particular 

j +(J + ) (r - 1)/2 IM=0, (3.35) 

which yields the constraint 

(dt + £d x )dt 1)/2 Mx,O=0 ■ (3-36) 

It looks useful to utilize the simplest one, $_i/2 with (r, s) = (3, 0). However the OPE is 
of the form as §h$-i/2 ~ C[&h~i/2]cc + Cf^Joo + C [$71+1/2] ee> and related to this fact we 
have to solve the third order differential equations. Similar computations have been done 
for M = (1,1) super-Liouville field theory in [34J [33] . 

In the analysis of SL(2) WZNW model, degenerate operators with r > 0, s > are 
used to compute four point functions, see e.g. [7]. However, there are another type 
of degenerate operators with r < 0, s < 0, and it might make the analysis simpler to 
utilize them. One line of degenerate operators is with (r, s) = (—2n, —1), which implies 
/i_ 2n ,-i = (k — 1 + n)/2. This type of operators have been discussed in [36] for the SU(2) 
WZNW model (see also [2Z] for applications to the SL(2) WZNW model). Denoting the 
corresponding state as \(k — 1 + n)/2), we can find a null state as 

\0) = (J- )«|^1±«) . (3.37) 

Later we will use the case with n = 1 since it is the simplest one. In the bosonic case, the 
OPE is simply given by &h&k/2 ~ C[*&k/2-h), however in the super case the corresponding 
OPE is complicated enough like &h&k/2 ~ C[&k/2-h]ee + C[&k/2-h-i/2]oo- More detailed 
analysis can be found in appendix Q3] 

4 Boundary OSP(l|2) model 

In this section we study boundary OSP(l|2) WZNW model focusing on bulk one point 
functions on a disk. In the presence of boundary, we have to assign boundary conditions 
in a proper way as discussed in section 2. In terms of currents the gluing conditions at 
the boundary z = z are 

J ± = ^ = (J±)* , J 3 = - J 3 = (J 3 )* , f = ±er = eif)* (4.1) 
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with e = ±. These boundary conditions correspond to branes similar to the AdS2-branes 
in the SL(2) WZNW model. We can assign another type of boundary conditions as 



J — J — (J T T , J" = J S = -(J S Y , ? = e 3 ± = ±e(j*)* . (4.2) 

This case corresponds to branes similar to the fuzzy sphere branes in the SL(2) WZNW 
model. Things are quite analogous to the SL(2) WZNW model with boundary, which are 
analyzed, for example, in [2"B"| 155]. 

Overlaps of closed strings to these branes can be read off from one point functions of 
bulk operators on a disk with the above boundary conditions. For the super AdS brane, 
one point function is restricted to have the form locally 

from the boundary condition. The above form has a singularity at x + x = 0, thus the 
coefficient U a (h) could depend on the sign a = sgn(x + x). We remark here that the 
same singularity appears in the SL(2) WZNW model, see (251 EH]- This function will be 
obtained below by solving constraint equations coming from the crossing symmetry. For 
the fuzzy supersphere brane, one point function is restricted as 

= 1 — -i2a,m ( + c) -_u jm ■ (4 - 4) 

\z — z\ ziyh \1 + xx + e44p ft 

In this case we do not have any singularity on the complex x-plane. The coefficient U(h; e) 
will be again obtained by solving constraints from the crossing symmetry. 



4.1 Super AdS2 branes 

We would like to compute bulk one point function on a disk with boundary condition 
corresponding to super AdS brane. Since the boundary condition (14. ip restricts the form 
of one point function as (14.31) . we just need to know the function U a (h;e). In order to 
compute the function, we obtain two kinds of constraints which the one point function 
has to satisfy. One comes from the reflection relation which connects $^ to $1/2-/1- The 
other originates from the crossing symmetry of four point function. Solutions to these 
constraints are found and consistency checks are performed in other sections. 

First let us study the reflection relation. The information of reflection relation can be 
read off from the coefficient D(h) (I3.19P in the two point function (I3.18P as in the cases 
of Liouville field theory and SL(2) WZNW model. It might be convenient to define 

V h (x\z) = 0\z) , W h (x\z) = d&Qhix, £\z) , (4.5) 
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then the two point functions are 



,rr / i \Tr / „ m 8{h-h')D(h) , , 

m, / i x TI , / „ m (2/ i ) 2 5(/i-/i / ) J D(/^) ^ 



and moreover 



W^_ h (x\z)V h ,(x'\z)) = 1 lz _ zT A h > (4-8) 

Vl_ ft (x|z)^(x |* )) = \ z _ z ,\4A h • 

From the above forms we can see that there should be a relation between Vh and Wi_ h 
or Wh and Vi_ h . Explicitly, the reflection relations are given by 
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V h (x\z) = I d 2 x'\x - x'\- 4h Wi_ h {x'\z) , (4.9) 



7T 



W h (x\z) = -(2h) 2 ^- [ d 2 x'\x-x'\- ih - 2 Vi_ h (x'\z) . 

71 J 2 

Since the vertex operators satisfy the above reflection relations, the one point function 
(14. 3 p should respect these relations. This yields a constraint on the function U u (h;e) 

U- a (h;e) = eD(h)U a (l-h;e) , (4.10) 

which can be obtained as in [25| [38] with the help of (I2.37p . Notice that the condition 
( I4.10p relates the function U a {h\ e) to the function with the opposite sign U~ a (\ — h; e). 

Next we move to the crossing symmetry. We study the following two point function 
on a disk as 

z° = akO^^SN) (4.ii) 



with the operator $>k/2 belonging to a degenerate representation. In the limit of z\ — > Z2, 
we can use the operator product expansion of &k/2 and 3>h, thus we obtain a sum of one 
point functions. On the other hand, in the limit of Imz 2 — > 0, the two point function 
can be expanded in terms of boundary operators, and it reduces to a one point function 
if we pick up the contribution with identity boundary operator. Comparing these two 
expressions, we obtain a constraint equation for the coefficient U a (h; e). 
In the limit of Z\—*Z2, the bulk operators can be expanded as 



^(x^N^O^M = M 2A ^ h " 2 ^ 2Ah \X 12 \- 4h C(h)l$^ h } ee (4.12) 

+ ki 2 | 2A ^' i -^ 2A ^ 2A ' l |X 12 |-^- 2 (7(/ i )[$,_ /t _ i ] 00 , 
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as mentioned before. The coefficients are computed in appendix IB. 31 as 

Here D(h) was given in (I3.19p . With the help of this operator product expansion, the two 
point function can be written aj§ 

Z° = \z x - z 2 \^\z x - Zl \ 2Ah ~ 2A i \ Xl + x 2 + e^ 2 \- 4h \ Xl + x, + e^l 2 ^ (4.14) 



x 



(c{h)U-°{± - h; e) T! (X, X 2, Xa; z) + eC{h)U^{\ - h - ±; e) (X, X2 , X3 ; z 

The functions J-f and JF 2 are defined in f lB.16j) FI and behave as in (1B.17j) and (1B.18j) . 
respectively. Two point function of bulk operators on a disk can be mapped to four 
point function of chiral operators on a plane by the standard mirror trick. Because 
of the boundary conditions ( 14. ip the parameters are (h 3 , x 3 , £ 3 , z%) = (h,—x 2 ,e£ 2 ,z 2 ), 
(/14, x±, ^4, z±) = (k/2,—xi,e£x,Zi) along with hi = k/2 and h 2 = h. In this set up, the 
cross ratios are, for example, 

\zi-z 2 \ 2 \xi-x 2 + ^ 2 



\z\-z 2 \ l \x\ + x 2 + e£,i&\ 2 

The fermionic cross rations X2,Xz can be written in a similar way. 

On the other hand, when we take the limit of Im^ - > 0, the two point function can be 
expanded in terms of boundary operators as intermediate states. The degenerate operator 
$/c/2 can be expanded by boundary operators near Imz! ~ 0, and among them there is 
the identity operator. Therefore, if we pick up the contribution with the identity operator 
as an intermediate state, then we have 



-2A fc 



Z^\ Zl -z 1 \ ^\ Xl + Xl + eUirA a (f,e)(^ h (x 2 ^ 2 \ Z2 )} . (4.16) 

For rational conformal field theories, factors like A u (k/2\ e) are proportional to one point 
functions as (§k/2)- However, for non-rational conformal field theories, such as, OSP(l|2) 
model, this is not always true. Therefore, here we treat A a (k/2;e) as parameters. See 
[25| 138] for more detail. 

We can relate these two expressions by utilizing channel duality from s-channel to t- 
channel. With the help of channel duality formula in (IB.20p . we can rewrite the expression 
( I4.14p in a suitable way to expand around Im z 2 -)■ 0. Then, compared with the expression 



6 We have two choices of sign in the coefficient U ±tT , and here we adopt the minus sign. Notice 
that one reflection relation should be applied as in (|4.f Op when we compute the OPE in (|4.f 21) . Similar 
computation can be done for the SL(2) WZNW model, and the same sign should be used to reproduce 
the known result. 

7 We should replace x(l — and r)£ by the cross ratios X and X3X2, respectively. 
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f)4.16p . we have the constraint equation as§ 



C{h)U-°(% - h; e)F?T + eC(h)U-°(l - h - A; e)F 2 f = LT (fc; e)A CT (|; e) . (4.17) 
In order to solve this equation, it is useful to set 

U a {h- e) = v- 2h+1 *T(\ - b 2 {2h - \))E a (h- e) , (4.18) 
then the constraint coming from the reflection relation (I4.10p can be written as 

E-°(h-t) = e £ CT (i-/i;e) . (4.19) 
Moreover, the other constraint equation (14.171) reduces to 

E-\\ -h;e)- eE-\\ - h - f ; e) = i/*" 1 ^ 1 +f^~ k)) A*fo e)E°(h; e) . (4.20) 

A solution satisfying the both constraints (I4.10p and (I4.17P is given by 

E°(h; +1) = A b e- a[2h -^ )r , E°{h; -1) = a A b e- a{2h -^ )r (4.21) 

with 

e) = S~\ee^ - e^>) - { fc)) . (4.22) 

Here A;, is a constant. 

In this way, we obtain the one point functions of bulk operator on a disk as 

™*>m^ = a > i,V + 4 ' (4 - 23) 



<* ft( x, ^) )r; _ 1 = o A ; " — (4. 24) 



\z — z| 2Ah |x + X — 

for e = +1 and e = — 1, respectively. The parameter r is related to the boundary condition 
and it represents the position of brane as seen before. Solutions to the constraints are not 
unique, but we can see the above choice is the proper one by checking it in several ways. 
We already see that the semiclassical limit (k — > oo and thus b — > 0) of these one-point 
functions agrees with our semi-classical analysis (I2.43P and (I2.44p . 



8 The conformal blocks (|B.16[) actually have a singularity at z ~ x as discussed in [39 . On a sphere it 
might not lead to any problem, since we can avoid the singularity by analytic continuation, which yields 
a phase exp(— 71^724) in (|B.20[) . Anyway, only products of holomorphic and anti-holomorphic expressions 
enter. However, on a disk, this singularity has a significant meaning, since both z and x take real values, 
and hence we cannot connect the regions z < x and z > x by analytic continuation [40] . Since < x < 1 
in our case, we have to cross the singularity when we compare the expressions with z ~ and with 
z ~ 1. In this sense the constraint coming from the crossing symmetry is weaker than in the bulk case 
as discussed in [40] . Here we assume that phases like exp(— ^1724) do not appear, and this assumption 
may be confirmed by the comparison with the results obtained in next section. 
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4.2 Fuzzy supersphere branes 

As mentioned above, we can take another type of boundary condition as in ( 14.2 j) . and in 
this case the one point function is restricted to have the form of (I4.4p due to the symmetry. 
In order to obtain the coefficient U(h; e), we again utilize the constraint, particularly from 
the crossing symmetry. For this purpose we examine the two point function (14. lip now 
with the different boundary condition (14. 2p . The two point function of bulk operators 
can be mapped to four point function of chiral operator as before, but the parameters are 
{h 3 ,x 3 ,£ 3 ,z 3 ) = (h,-l/x2,e£ 2 /x2,z 2 ), {h^x^^z^) = (k/2,-/x 1 ,e£ 1 /x 1 ,z 1 ) along with 
hi = k/2 and h 2 = h. In particular, the bosonic cross ratio is given by 

x = - ul~ X2 tit - < 425) 

|1 + %ix 2 + e£i6r 

As before, we first express the two point function in the limit of Z\ — > z 2 as in (14.141) . 
Then, we study the limit of Imz 2 - > as in (14.161) . However, here we assume that the 
parameter e) is the same as the one point function e) = C/(|; e). With the help 
of channel duality formula ( IB.20p . we can rewrite the expression for z\ — > z 2 i n terms of 
those for Im^ — > 0. Comparing to the other expression we can obtain the constraint 
equation as for super AdS 2 brane. 

The constraint equation corresponding to (I4.17P can be found as 

C(h)U(l - h; e)F{\ T - eC(h)U(l -h-\; e)F 2 f = U(h; e)C/(|; e) . (4.26) 

As before it is convenient to set 

U{h- e) = v- 2h+l Y{\ - b 2 (2h - \))E{h- e) , (4.27) 

then the above constraint equation reduces to 

E{\ -h;e) + eE{\ -h-\;e) = T{b 2 {k - 2))E<& e)E{h; e) . (4.28) 

For e = +1, we can find a solution 

sin(s(2/i - 1/2)) 

where s = 2nb 2 n with a positive integer n. On the other hand we have for e = — 1 

cos( a (2fe-l/2)) 

m ~ ^^jfM) ' (4 - 30) 

where s = 2nb 2 (n + 1/2) with a non-negative integer n. Thus the one point functions are 
summarized as 



v 



- 2h+l T(\ - b 2 (2h - I)) sm(s(2h - 1/2)) 



(®h{x,Z\z))s;+i \ z -z\2A h \ x + x + g\2h S m(- s / 2)T (b 2 (k - 2)) ' (431) 

t* h (x t\z)) = »- 2h+l ^- b2 ( 2h -^ cos( g (2/,-l/2)) 

{^{x^iz))^ |^_-| 2A ,| x+ __^| 2 , cos (_ s /2)r(&2(£;-2)) ^- 6l} 
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for e = +1 and e = —1, respectively. These solutions are not unique either, and we 
check them by examining the Cardy condition in section 6. In this case the semiclassical 
analysis with (I2.52p and (I2.53P differs slightly from our results, i.e. the branes' position 
labeled by s is purely imaginary. This is not unexpected since the same already happened 
for spherical branes in model [25J. 



5 Relation to boundary super-Liouville theory 

In the previous section, we have computed one point functions of bulk operators with 
two different boundary conditions by utilizing the crossing symmetry. In this section, 
we reproduce the disk amplitudes for super AdS2 branes by making use of the relation 
to super-Liouville field theory with boundary. In fact, the structure constants of bulk 
OSP(l|2) WZNW model have been computed by utilizing the relation to super-Liouville 
field theory in [11]. The relation is a generalization of the one by Ribault and Teschner 
in [9J, which relates sphere amplitudes of the SL(2) WZNW model (or the H% model) 
and those of Liouville field theory. The extension of Ribault-Teschner relation to disk 
amplitudes has been done in [3D], see also [4TJ. 



5.1 Boundary super-Liouville theory 

Let us first review J\f = 1 super-Liouville field theory with boundary by closely follow- 



ing [14] . The theory consists of a bosonic field (p and its super partner ip, whose action is 
given by 



S 1 



1 

2^ 



d 2 z 



dipdip + Qj-^fglZip + ipdtp + ipdip 



+ 2ifi L b 2 / d 2 zi)ipe 



(5.1) 



where TZ represents the curvature of the worldsheet. Here the background charge is related 
to the parameter b by Q v = b + 1/6, and the central charge is c = 3/2 + 3Q^- In the 
NSNS-sector, primary fields are V a = e atp with conformal weig ht A£ = a(Q - a) j2. In 
the RR-sector, they are defined with chiral spin fields <j ± and a^, which have operator 
products with the fermions as 



i;(z)a ± (0) 



a±{z)${<S) 



icr^(O) 
V2z^ 



(5.2) 



With non-chiral products a aa = a a a a (a, a = ±), we define primary fields in the RR-sector 
as 0^, a = a aa e aip . Their conformal weights are = a(Q — oi)/2 + 1/16. 
In the presence of boundary we can add boundary terms as 



°B 



dt 



An 4 



(5.3) 



24 



Here we denote the curvature of boundary as /C, and G is a Grassmann odd field living only 
at the boundary In particular, free field correlator is given by (QftijQfo)) = sgn(ti — 
As boundary conditions we assign 

T{z) = f{z) , T F (z) = (T F {z) (5.4) 

at z — z, where T is the energy momentum tensor and T F is its superpartner. The 
boundary operators are defined as 

B p (t) = e^ /2 (t) = e^ L (t) , 0±(t) = a ± e^ /2 (t) = a ± e^ L (t) , (5.5) 

which are inserted at the boundary of worldsheet. Here (fiL is the holomorphic part of the 
original field (p. 

As we will see below, bulk one point functions on a disk in the OSP(l|2) WZNW 
model are related to those in super-Liouville field theory. These one point functions in 
super-Liouville field theory are of the form 

= ^£ • <erW>.< = "-^0 ■ ^ 

1 \z — z\ 2 ^<* 4 \z — zy !A " 

Here we have assigned the boundary condition (15.41) with parameter (. The subscript u± 
represents the boundary condition and is related to the parameter \i B in ( 15. 3 j) as 

= ( cobO^/2) ) 2 smh(7ra+6) , fi B = ( cos ffi 2/2) ) 2 cos1i(t™_&) . (5.7) 
The coefficients are obtained in p3] as 

U + = -2-^- W7(^))^(« - ^)r(6(« - %))r(i(a - , (5-8) 

£7+(a:; tt±) = cosh(7r(2a — Q ip )u±) 
for the NSNS-sector and 

U_ = 2 -| 7r ^( / , L7 r 7 (^))Tr(I + 6( a - ^))Y{\ + J(a - , (5.9) 

U-(a, a; u + ) = a sinh(7r(2a — Q v )u + ) , t/_(a, a; w_) = cosh(7r(2a — Q v )uJ) 
for the RR-sector. 

5.2 Boundary OSP(l|2) model 

The action of WZNW model associated with supergroup can be obtained as in the case 
with bosonic group. First adopt a specific parametrization of the (super) group element, 
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and then insert it in the general expression of WZNW action. Introducing auxiliary fields, 
we may express the action of the 0SP(1|2) WZNW model as [TT] 



s° = - i d 1 : 

7T 



\d(j>d<p + \^gTL<p + /3«9 7 + f3d^ + pd9 + pd9 
2 8 



(5.10) 



+ i\ / d 2 z(p + ,90) (p- f39)e 



b<p 



Namely, we have a free boson with background charge = 6 = 1/ \/2k — 3, and (/3, 7)- 
system with the conformal weights (1,0). In addition to these bosonic fields, there are 
free fermions (p, 9) with the conformal weights (1,0). The central charge of the system is 
c = 1 + 3b 2 = as desired. The interaction terms can be treated perturbatively. 

In order to define vertex operators, it is convenient to bosonize the fermionic fields as 

9 = exp(iY L ) , p = exp(-iY L ), 9 = exp(iY R ) , p = exp(-iY R ) , (5.11) 

and then define Y = Yj, + Y R . Using the new field the vertex operators are 

V£(fi\z) = \^-2h+i+s e i S Y ef * 7 -m e -2b(h-h)<l> (5.12) 

with s = 0, 1 in the RR-sector and s = 1/2 in the NSNS-sector. In the RR-sector and 
the NSNS-sector, the conformal weights are A^ = —2b 2 h{h — 1/2) and A/, = —2b 2 h[h — 
1/2) — 1/8, respectively. For the vertex operators with s = 0, l,we can change the basis 
by the Fourier transform as 

V±{ji\z) = l^\- 2h+2 j d 2 x J «e"(l ± M- l tf)Sfc(*,£l*) • (5-13) 

Here 

V?(jl\z) = |/i|- 2/l+1 (|Ai|^ ± l) e M7-M7 e -26(^-i)^ ( 514 ) 

are the orthogonal basis as discussed in [TT] and $h( x ,£\z) is defined in (I3.7j) . 

Now we would like to include a boundary to the worldsheet, and hence to find out 
proper boundary terms. In the H% model, the corresponding boundary terms are con- 
structed in jUJ, and in our case they are discussed in appendix O (see also appendix ID]) . 
For super AdS 2 branes they are given by 



S% = du 



^-~VW + 7©d„e + \ B e b,t>l M(39 + p) 

2,71 o 4 

with (3 = —/3 and p = (p at the boundary. In terms of bosonization, the boundary 
condition for fermions are mapped to Yl — Y R + i In (. The parameter X R plays the same 
role as /xb in super-Liouville field theory. The boundary operators may be defined as 

BJ(v\u) = l^-'+Me^e^ 7 ""^-^-^ (5.15) 
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with t = 0, 1/2, 1. Next task is to rewrite the following generic correlation function 

In m \ 

n = (ny^(A**wn^(««K)) ( 5 - 16 ) 

\i=l a=l / 

on a disk in terms of that of super-Liouville field theory. 

5.3 Relation between the two theories 

In [10] it was shown that the relation between model and Liouville theory in [9] can 
be rederived in the path integral formulation. Utilizing this method the relation has been 
extended to that for sphere amplitudes of OSP(l|2) model and super-Liouville theory in 
[TT| . In this subsection we extend the result to the boundary case. In the path integral 
formulation the correlation function (I5.16P is written as 

/n m 
d^d 2 ^^-^-^ JJy^( W |^)fJS^(u a |u a ) . (5.17) 
i=l a=l 

Following [TT] we first integrate over the fields /3,j, and then perform field redefinitions 
to reduce to super-Liouville field theory. The analysis is quite analogous to the bulk case, 
so here we explain it only briefly. 

We start from the observation that integration over the zero mode of 7 — 7 leads to 
the momentum conservation 



n m 



1=1 a=l 

Then we move to the non-zero modes. Since 7 appears only linearly in the exponent of the 
path integral expression ( 15. 17]) . we can integrate them out, which yields delta-functionals 
of (3. After integration over (3, the field (3(z) is replaced by a function B(z) defined by 

n n _ m 

B( Z ) = -Y - y - y . (5.19) 

^ Z-Zi ^ Z-Zi ^ z-u a 
1=1 1=1 a=l 

In the same way, j3(z) is replaced by —B(z). As in [U] it is essential to define yi>,yi>,t a i 
by 

{ ) - w=i(z - - zi) n:=i(z - u a ) (5 - 20) 

with In! + ml = 2n + m — 2. Up to the permutation of y's or t's, the above equation 
defines a map from the old variables fi, p, v to the new variables u, y, y, t. 

Since the field /3(z) is now replaced by B(z), the coefficients in the action are some 
functions depending on z. In order to remove the coordinate dependence, we perform the 
shifts as 

^:=0+^|3| 2 , Y[:=Y L - l -\nB . Y^.= Y R - UnB . (5.21) 
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If we fermionize the new boson Y' = Y' L + Y' R by 

ip ± ix = V2exp(±iY[) , ^±ix = v / 2exp(±iY^) , (5.22) 

then we find that the action becomes the one of super-Liouville field theory plus the one 
of free fermion (x,x) 

S F = j-J d 2 z[ X dx + xdx] ■ (5.23) 
The boundary conditions for fermions are mapped to 

^ = (sgnB4>, x = Csgn#x • ( 5 - 24 ) 

This is because Y[ and Y^ are defined in (I5.2ip . and B = B = \B\ or e~ m B = e m B = \B\ 
at the boundary. The relation between parameters of boundary term are given by 



^2 sgnBAs = fi B b . (5.25) 

During the change of variables, we receive extra contributions from kinetic terms. One 
is the insertion of extra fields V^0 2fc (?/i/) and B l _ly 2b (t a r) with 

V* = e isY 'e aip , B} = e ^Y'/2 e M2 ; ( 5 2 6) 

i i 

and another is an overall factor |M||S| 4i! with 

s = n i%i 2 n^ ~ ^ n ~ n i^yi 2 !]^' _ ^ n ^ ~ ^'i 2 n ta,bi 

i<j i,j i,a a<b i'<j' i',a' a'<V 

x n \ zi ~ i 2 n \ zi ~ &'i~ 2 ii \^ ~ ta '\~ 2 n \ ua ~ y^w^a - v) -1 • (5.27) 

i,a' a,i' a,a' 

In the end we arrive at the expression as 

n = a(l>< + ft) + J2 ^))MI S I^* x ( 5 - 28 ) 



x < l[v:; ^^II^ l {u a )\[vK{y v ) X[BK{t a > 

ii=l o=l i'=l a'=l 



where 



a, = -26(^ -§) + £, /?a = -26(Z a - |) + ^ . (5.29) 



The momenta receive extra contributions as in ( I5.29p . and the background charge is 
shifted from = 6 to Q v = 6+1/6. The right hand side should be computed in 
super-Liouville field theory with a pair of free fermions (x, x). Thanks to the condition 
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2n' + m! = 2n + m — 2, we do not need to include extra fields for one point functions 
of bulk operator on a disk and two point functions of boundary operators. In the next 
subsection we compute one point functions of bulk operator on a disk in the OSP(l|2) 
WZNW model utilizing the relation [9]|§ 



5.4 One point function of bulk operators 

According to (15.28p . one point function of bulk operator on a disk can be written as 

where the right hand side should be computed in the super Liouville field theory with a 
pair of free fermions. Let us first restrict the label to s — 0, 1. In these cases, the right 
hand side involves one point function of e ± * y ' //2 , which should be rewritten in terms of 
fermions ip,x- If we define order and disorder operators of Ising model by S 1 * 1 , then we 
have a map as 

v^cosF'^, v / 2siny72 <-> (E + ) 2 , (5T) 2 . (5.31) 
With the description of Ising model in terms of free fermion we moreover hav(Q 

£+ = i=(a++ =F a-) , E~ = T a + ~) . (5.32) 

With these maps we can rewrite the expression of (I5.30P in terms of one point function in 
the RR-sector of Liouville field theory. Defining = £^e Q</3 and S^, we therefore have 

(V±(ji\z)) oc 5(jjl + fi)\fx\\z - z\ 1+ ^ (£+ 2fe(M)+ ^))(£+(z)> , (5.33) 

where V h (fi\z) was defined in Notice that one point functions with E vanish. 

Furthermore, the one point function of free fermion \ is of the form as (£+(z)) = U£\z — 
z\~ l l s with some constant U£. The explicit expression of (15.91) then leads to 

(V,tW)) = <( !' + y t (5.34) 

\z — Z\ h 



9 If we want to study more complicated cases, then we need to develop the map between correlators 
with free boson Y' and with free fermions x, ip on a worldsheet with boundary. These cases will not 
be treated in this paper, but it might be useful to consult with the work [32], which deals with similar 
problems. 

10 The choice of =F may be related to the definition of energy operator £ = ztitp'tjj. Moreover, we have a 
duality transformation as £ f-> — £ and S + <H> For the bulk case as in [11], it is merely convention. 
However, in the presence of boundary, it should matter and the choice should be related to the boundary 
condition for fermion if). 

n Once we fix the bosonization rule, only one sign of (V^^jz)) is no n- vanishing. 
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with 



U h = A (/i i 7r 7 (^±l))- 2 ' l +ir(| - b 2 (2h - \))V{-2h + 1) sinh(27r6 M+ (2/i - \)) , 

U h = A {fi L 7c-f{ b ^))- 2h+ ^T{l - b 2 {2h - \))T(-2h + 1) cosh(27r6n_(2/i - A)) 

for £sgn£> = +1 and (sgnB = — 1, respectively. Here Aq is some constant independent of 
h. The above results are consistent with the previous ones (I4.23P and (I4.24p with the iden- 
tifications of v = fiLTcy(^-±l) and £ = — e. Moreover, the parameters for boundary condi- 
tion should be related as 2nbu + = —r — ni/2 sgnlm/i and 2nbu- = — r — ni/2 sgn lm.fi, 
which correspond to (15. 25ft through (15. 7ft . 

One advantage of this approach is that it is easy to extend to the NSNS-sector contrary 
to the method with the crossing symmetry. Using the relation (I5.28P (or (I5.30p with 
s = 1/2) one point function of this operator can be written in terms of super-Liouville 
field theory as 

(X^C/xl^)) = ^(/x + ^l/xll^-^l 1 ^^-* <K^ 26(?1 _x )+ ^(^)) • (5.35) 

The above correlator does not include spin operators, and hence we just need to use the 
expression of (15.81) in super-Liouville field theory. The result is given by 

\z — z\ il ^ h 

with 

U h = io(/i L 7r 7 (i±^))- 2/l+ ir(l - b 2 (2h - \))Y{-2h + \) cosh(27r& M± (2/i - \)) . (5.37) 

Here Aq is a constant independent of h, and the identification is used as 2 r nbu± = — r — 
ni/2 sgnlm/i. 



6 Annulus amplitude and Cardy condition 

In section HJ we have computed one point functions of bulk operator by solving the 
constraint coming from the channel duality. Addition to this constraint, there is another 
constraint for one point function, which arises from the open-closed duality. From the 
information of bulk one point functions, we can construct boundary states describing 
branes. Then, we can compute the overlap between boundary states by considering the 
exchange of closed strings. On the other hand, we can obtain the same amplitude in the 
language of open string as a partition function with proper boundary conditions. They 
are related by modular transformation of the annulus amplitude, which yields a strong 
consistency condition to the one point functions of closed strings. This condition is called 
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the Cardy condition. In rational conformal field theories the Cardy condition almost 
fixes boundary states, but in non-rational theories like our model it is not that strong. 
Nonetheless this condition still gives useful information to boundary states as we will see 
in this section. 



6.1 Boundary states for super AdS brane in the RR-sector 

Boundary states have information of how closed strings couple to branes. For a while 
we focus on super AdS branes and closed strings in the RR-sector. In particular, the 
coupling to primary states is given by 

B (r;e\h;x,Z) = {$ h (x,Z\i)) r;e . (6.1) 

Here r and e represent the boundary conditions as before. The coupling to higher modes is 



fixed by the boundary condition (14.11). Later we change the basis from x-basis to m-basis 
by utilizing a Fourier transformation 12 ! 

= / ^did^a^^^^e^^M^) ■ (6-2) 

Here we assume that m = (n + ip)/2, m = (n — ip)/2 with n G Z and pGl. Following 
[25J, the overlaps are computed as 

B <r; e\h; n,p, a, a) = 27r5{p)5 afi ■ 2tt A b v~ 2h+ h '(§ - b 2 {2h - \))A{h, n, s\r, e) , (6.3) 

with 

A(h, n, 0|r, +1) = d h n (n° n cosh(2/i - \)r - ix l n sinh(2/i - \)r) , (6.4) 

A(h, n, l|r, +1) = -2hd h n + ^ (tt° cosh(2/i - \)r - tt 1 sinh(2/i - \)r) , (6.5) 
A(h, n, 0|r, -1) = d h n {ix x n cosh(2/i - \)r - n° n sinh(2/i - \)r) , (6.6) 

A(h,n,l\r,-1) = 2/ic£ + ^ (tt* cosh(2/i - ±)r - vr° sinh(2/i - \)r) . (6.7) 
The functions d\ and n s n (6 — 0, 1) are defined as 



r(-2h + i] 
r(i - * + §)r(i - * - *) 



d n = T7i u , n\TVi Z nT ' = 1 - S ' ^L+l = 5 ( 6 - 



for m G Z. 



2 Orthogonal basis consists of linear combinations, such as — ~^{^rn,m ^ ^m^n)- 
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Using the boundary states for super AdS branes, the annulus amplitude can be written 

as 

Z r R £ = B (r; e |(-l) F g^ R |r;e) B = f ^ f d 2 x f d^ X l_(q) B {r; e\h; x, £)</*; x, £|r; e) B . 

(6.9) 

Here the Hamiltonian is H R = L + L — c/12, and only the states in the RR-sector are 
summed over. The worldsheet modulus is given by f = — 1/r and q = exp(2irif). We 
define F = \{F C + F c ), where the numbers of Grassmann odd fields are counted by F c 
and F c for holomorphic and anti-holomorphic parts, respectively. The integral domain § 
is restricted to the physical line as h = 1/4 + iP with Pel. Since there are three bosons 
and two fermions with periodic boundary condition and without any singular vectors, the 
character is given by Xr-(?) = q 2b2 p2 f]^ 1 (q) . 

The overlap is actually a divergent quantity basically due to the infinite volume of 
super AdS branes, so we have to adopt a regularization scheme. In order to see this it is 
convenient to change the basis as 

Z *>< = fvh^ / *^,-(ff)[B<r;e|/i;n ) p,l,l></i;n ) p ) 0,0|r;c>B 

- B (r;e\h;n,p, 0, 0)(h;n,p, 1, l|r;e) B • (6.10) 

First of all we replace a delta-function as 2tt5t{p) = - sinTp as in A difficult part is on 
the summation over n. Because we have to sum over bosonic and fermionic contributions, 
naively they are canceled with each other. Therefore, we pick up effectively one bosonic 
contribution among them0 With this regularization, the overlap can be computed as 

t> ml „ „ f°° dP h cos4Pr 

Here we have used the fact that cos 2 nh + cos 2 7r(| — h) — 1. 

Performing the open-closed duality, we may map the overlap between boundary states 
into the partition function of open string. Utilizing the formula of modular transformation 

/oo 
dP'xi_(q)exp(S7rib 2 P'P) , (6.12) 
-oo 

we can rewrite the overlap ( 16. lip as 

POO 

Z% = T dP'N(P'\r;e)xl4Q) ■ (6-13) 

13 Thcre should be a better regularization than this ad hoc way, but here we adopt this anyway. This 
regularization may be justified by the character of degenerate representation with (r, s) = (2 J+ 1, 0). The 
representation is of 2J + 1-dimensional and Grassmann odd and even states appear alternatively. There- 
fore, the character is given by ±Xr -(?) = Q 2b P V^io) with P = —ir/A, and an analitic continuation 
would lead to our character. 
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For the following analysis it might be convenient to express the density of state as 

ed r dt (cosh f- cosh ^)(sint6(P' + ^) + sin tb{P> - ^)) 

N(P\r-e) = / 

v 1 ' ; 2irdP' J t sinhtb/2smht/2b 

(6.14) 

where we set \A h \ 2 = 2b. 



6.2 Annulus amplitude from open strings 

Before going into the detail of the Cardy condition, we first study the partition function 
of open string stretched between the super AdS2 brane with the label (r, e). For the 
calculation of the partition function, we sum up the spectrum of open strings with the 
density of states p(P\r;e). The spectral density is related to the reflection amplitude 
R(P\r;e) as 

p (p| r;c )„£ + _L JL lni2 ( P | r;e ) . (6 .i5) 

7T zni Or 

Here L is a cut-off scale, and the wave-function is assumed not to go into the region L < <fi 
due to the exponential potential. For the detail, see, for example, appendix B in [25] . 

The reflection relation can be read off from the two point functions of boundary 
operators, which are computed in appendix [Dl Boundary operators may be constructed 
by ^i' p (t, r]\u) as in the bulk case. The representation of zero modes of OSP(l|2) current 
algebra is parameterized by /, t, i], and the position on the boundary of worldsheet is 
denoted by u. The extra labels p, p' represent boundary conditions across the inserted 
point m, which are related to r, r' by p = r/(4nb 2 ) — i/(8b 2 ). Let us denote Vf' p (t\u) = 
\l/ p ' p (t, 0|w), then the two point functions 



(l|l)Vf/(0|0)) = S(h - l 2 )d(h; p, (/) , (6.16) 



pVff (l|l)pVf/(0|0)) = 5(h - h)d'{h-p,p') (6.17) 



are computed with the function d(l\;p, p') in (ID. 32}) or (ID. 33}) and d'(h;p,p') in (ID. 49}) 
or flLT50|) . 

Following the above general argument we can compute the spectral density from the 
two point functions. Let us start from the primary Vf' p . Since the identification is e = — £ 
as discussed in section we have 

p(P\r) ~-^-JpM S nsW + 2ip))S m (2b(l - 2ip)) (6.18) 



for e = +1 and 



p{P\r) ~ -i^-^p, lnS R (26(/ + 2ip))S R (26(Z - 2ip)) (6.19) 
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for e = — 1. Here we picked up the terms depending on the parameter r (or p). We also 
set I — 1/4 + iP. The spectral density for the descendant pVf' p can be obtained in the 
same way, and given by p(P\r) in (I6.19P for e = +1 and p{P\r) in ( 16.18)) for e = —1. 

Here we remark that the spectral densities are different for Vf' p and pVf' p , even 
though in principle they could be related with each other by 0SP(1|2) current algebra. 
A similar situation arises in M = 1 super-Liouville theory, where the reflection relation 
and worldsheet supersymmetry do not commute [1?]. Since the first type operator is 
Grassmann even and the second type operator is Grassmann odd, we may construct the 
following partition function as 

Z° R (r; e) = Tr R l -±^q H ° + Tr R ±^V° . (6.20) 

Here H Q = L — c/24 is the Hamiltonian for the open strings and we sum over states in the 
R-sector0 The fermion number is counted by F. For the first term we use the spectral 
density of the primary Vf' p and for the second term we use the one of the descendant 

The above partition function is a divergent quantity, so we need to regularize it. There 
are two type of divergence. One type comes from the limit of L — > oo in (I6.15p . and it 
is useful to consider the relative partition function Z R (r; e) — Z R (r*;e) with reference 
boundary condition r*. Another is due to the sum over the eigen- value m of Jq. For 
the contribution from Tr R (— l) F q Ho , naively bosonic and fermionic contributions cancel 
out. Thus we pick up one type of contribution as before. The character is given by 
Xr-(<?) = q 2b2 p2 Tj' 1 (q) as well. For the contribution from Tr R g H °, the summation over m 
simply diverges. The situation is the same as in the case of SL(2) WZNW model [25], so 
we adopt the same regularization. Namely, we just sum up in the range — k < m < k. 
The character for this case is given by 

with 

oo 

fo( y \ T ) = q {n -^ ?,2 z n -^ (6.22) 



2e" T/4 cos7n/ JJ (1 - q m )(l + zq m ){l + z~ x q m ) . 



m=l 



Here we set z = exp(2iriy) . 

Similar quantity can be defined in the NS-sector, but we do not deal with it in this paper. 
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6.3 Boundary states for super AdS branes in the NSNS-sector 

It is easy to observe that the overlap computed in subsection 16.11 cannot be mapped to 



the one in subsection 16. 21 by the modular transformation. The reason is that the character 
Xr -(?) is related to the same character by the transformation f — — 1/r — ^ r as in (I6.12p . 
In order to resolve this problem, we include the NSNS-sector in the spectrum of closed 
strings exchanged between the branes. The character for the sector is given by 

x ^ M = i ^JMl. (6 . 23 , 
Here we have used theta function defined as 

oo oo 

Mv\r)= (-l)V 2/ V=n(l-? m )(l-^)(l-^) , (6-24) 

n=— oo m=l 

whose modular transformation is 

Mv/r, -l/r) = (-it) 1 ' 2 ex V (my 2 /r)My, t) . (6.25) 

This character is related to the other character Xr+Iq) m the partition function of open 
string as 

• roc 

Xns,-® = 46- / dP'xlM exp(8mb 2 PP>) . (6.26) 

^~ J —oo 

With the help of the relation between OSP(l|2) WZNW model and M = 1 super- 
Liouville field theory, we have obtained the one point function of closed string in the 
NSNS-sector as in (15.361) . We can map from the /z-basis to x-basis as 

vhn\z) = -\fx\- 2h+2 [ d 2 xe^ x -^^l{x\z) , (6.27) 

7T JC 

and in the x-basis the one point function can be written as 

(*l(x\z)) = - . (6-28) 

\ ' \x + x\ 2 + 2 \ z — z\ 2Ah 

where 

U a (h; r) = A b b- l v- 2h+1 *T(l - b 2 (2h - \))e-^ 2h -^ )r . (6.29) 

Notice that the coefficient depends on the sign a = sgn(x + x). The overall factor A\> will 
be fixed later by using the Cardy condition. As before we define the boundary state as 

B (r;e\h;x,l) = Ul(x\^) . (6.30) 



1 2' , 
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We again change the basis from x-basis to m-basis by utilizing the formula 

= / ^x h - m +h h -^4(x\z) , (6.31) 

then we have 

(r;e\h;n,p ±) = 2tt5{ P ) ■ 27rA b b- 1 u- 2h+ ^T{l - b 2 {2h - \))A{h, n\r) (6.32) 



13 

with 



A(h, n\r) = d h n +li (vr° cosh(2/i - |)r - vr* sinh(2/i - |)r) . (6.33) 
Let us compute the following annulus amplitude as 

Z r NS = B (r; e |(-l) F g^ NS |r;e) B = 1^1 d'xx^Jqh^e^x^ihyxMr^e), 



^a-^yoj v , ~, 2 / V "> ^, 2 |' ) ^-/B , 

./§ Z7r ./C 

(6.34) 

where we consider the Hamiltonian for the NSNS-sector. The overlap with closed strings 
in the NSNS-sector diverges but the type of divergence is the same as the one for SL(2) 
WZNW model. Therefore we can adopt the same regularization as in [25J. In the m-basis 
the overlap can be regularized as 

Z r S = [ f ^XNS,-(9)B(r;e|/i;n,p,|)(/i;n,p,i|r;e)B 

Jb n=-A+l JK 

2 r°° dP cosh 2 ttP cos 2 2Pr + sinh 2 ttP sin 2 2Pr h 



Here the range of n is set as — A < n < A and the delta- function is replace as 2ttSt{p) = 
- sin Tp. We also set the cut-off 5 for the integration over P, as the integral diverges in 
the limit of S — > 0. In order to obtain the finite part we may consider a difference as 

Nq , ~ „ Z" 00 dP cos 2 2Pr - cos 2 2Pr* . . , . 

with a reference boundary parameter r*. After the modular transformation with (I6.26P 
we find 

poo 

z r NS - = akt / dP'(A>(p» - N(p'\n))xi + (q) ( 6 - 37 ) 

with 

is r^( cosh ¥ + cosh ^)( sintfe ( p/ + ^) + sint6 ( p/ -2^)) 

jV(P'|r) - 1 v 7 



2-KdP' J Q t sinh *6/2 sinh t/26 

(6.38) 

Here we have set |v4b| 2 = 46. The relation between A and k is given by —irK = A as 
discussed in 
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6.4 Open-closed duality 

As pointed out in the previous subsection, we should sum over the NSNS-sector of 
closed strings as well as the RR-sector. Now the amplitude is given by 

Zr;e = B<r; e| i-lfq^r; e ) B + B ( r; e | (-1)^ NS |r; e) B = Z% + . (6.39) 

With the application of modular transformation, the above amplitude can be written in 
terms of open strings in the R-sector. In fact, using (16.1 3p and (I6.37p . we find 

/oo 
dP'ipiP'lr) - p{P'\u)){AK X l + {q) + ex£_(g)) 
-oo 

+ (p(P'|r) - p(PW)(4*x£ + (g) - txlM) , (6-40) 

where the spectral densities are given by (I6.18P and (I6.19p . From this we can conclude 
that the amplitude (I6.39P for super AdS branes is consistent with the partition function 
of open strings in the R-sector. 

6.5 Fuzzy supersphere brane 

The couplings of closed strings in the NSNS-sector to fuzzy supersphere branes are 
obtained in (14.311) and (I4.32p by utilizing the factorization constraint. Here we would like 
to check the Cardy condition for this type of branes. We define the boundary states by 

B (s;e\h;x,0 = (^h(x^\l)) s]e , (6.41) 

then the annulus amplitude can be written as 

B ( S ';6'|(-l) F g^ R | S ; e ) B = / f d 2 x f «x£,_(g)B<s'; e'\h; x, £)</*; x, £| a; e) B - 

(6.42) 

First we study the case with e — e' — +1. Using the explicit from of one point function 
(I4.3ip . the overlap can be evaluated as 

/ / ^F.ijfR, „, f , „sinh 2s' P sinh 2sP h , 

B (s'; +1|(-1) V* \s; +1)b oc J dP cQsh27Tb2p 7&,-i9) , (6-43) 

where we have set s = 2irb 2 n, s' = 2^b 2 m with positive integer n, m. Using the relation 

sinh A%b 2 mP sinh A%b 2 nP v-A , .> , , 9 . , . 

= 2^ (-l)'cosh27r6 2 (2n + 2m-2/-l)P , (6.44) 



cosh27r6 2 P 

1=0 

we may find 

Z(g| a y;+1)= £ (-l) 71 ^- 7 -^ 2 (?) ■ (6.45) 

J=\n— m\ 
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Here the representation with h = — J/2 is of 2 J + 1- dimensional, and the character is 

„ 7/2 

given by ±x R _ (<?)• Next we choose e — e — —1. Then the overlap becomes 

. . .. i ff R, . f 1 ^cosh2s'Pcosh2sP »,,_,, , 

B ( S '; -l|(-l) F <p" |«; -1) B oc y rfP cosh27r6 2 P A-(g) , (6-46) 

where we have set s = nb 2 (2n + 1), s' — nb 2 (2m + 1) with non-negative integer n, m. Now 
the relation 

cosh 2vr& 2 (2m + l)P cosh 2nb 2 (2n + l)P 2mi ^ m) 

; — - — = > (-1) 1 cosh2ix¥(2n + 2m-2l+l)P 

cosh27ib 2 P ^-^ 

1=0 

(6.47) 

leads to 

n+m 

Z(q\s,s';-1)= ("l) n+m " V- 2 (?) • ( 6 ' 48 ) 

J=|n— m| 

In this way, we have shown that the couplings of RR-states to the fuzzy supersphere 
branes are consistent with the partition function of open strings. 

Let us consider the couplings of closed strings in the NSNS-sector as well. For the 
super AdS branes, we obtained the coupling of NSNS-states with the help of the relation to 
M = 1 super Liouville field theory as in f)5.36p . However, this approach is not applicable 
to the super spherical branes as far as we know. Fortunately, the Cardy condition is 
actually strong enough to guess the coupling of NSNS-states almost uniquely at least in 
this case. Suppose that the one point function is given by 

•Jew) = i +-fy < 6 - 49 ' 

with 

U{h; s, e) oc u- 2h+1 Y(l - b 2 (2h - §)) sin(s(2/i - §)) (6.50) 

up to an overall factor. Moreover we set s = irb 2 n, s' = nb 2 m with non-negative integer 
n, m. With this ansatz the overlap is 

. , nP if/ns, . f , sinh 2s'P sinh 2sP . . , 
B (s';e\(-l) F q-> H \s; e) B oc J dPP ginh27r6 2p Xnb,-® , (6-51) 

which becomes after the modular transformation 

{n+m)/ 2-1 

Z(q\s,s';e)= £ X^f(?) (6-52) 

J=\n-m\/2 
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if we choose a proper normalization. Here we have used the relation 

i (n,m) — 1 

sinh 2nb 2 (n + m - 21 - 1)P . (6.53) 



sinh 27ib 2 mP sinh 2nb 2 nP 



sinh 2nb 2 P 

1=0 

The expression (I6.52p has a meaning as the partition function of open strings only if 
m + n e 2Z. Referring to the coupling of RR-states, it is natural to guess that m, n e 2Z 
for e = +1 and m,n £ 2Z + 1 for e = — 1. 



7 Conclusion and discussions 

In this article, we have analyzed branes in the OSP(l|2) WZNW model. We have 
used two different methods. The first and common method is to determine correlation 
functions in the boundary theory via factorization constraints. We used this to determine 
bulk one-point functions and boundary two-point functions. The results can be checked 
by strong consistency conditions. These are the Cardy condition and agreement with 
the semiclassical limit. For non-compact branes worldsheet duality is subtle and involves 
a spectral density. We were able to treat this issue as in the case of the bosonic 
model [22] • The second method is to establish a correspondence to boundary M = 1 
super-Liouville theory and using the known results from this model, e.g. [H]. This 
correspondence is a generalization of bulk correspondence between the OSP(l|2) model 
and super-Liouville theory in [11], see also the bosonic counterpart [9]. 

A boundary CFT is completely specified by bulk one-point functions, bulk-boundary 
two-point functions and boundary three-point functions. Thus some work is still left 
in solving the boundary OSP(l|2) WZNW model. For the super AdS2 branes the cor- 
respondence to Af = 1 super-Liouville theory seems to be a good way to address this 
issue. Another open problem is the treatment of NS-sectors. The fermions in WZNW 
models naturally have Ramond-boundary conditions. So far, we have only studied the 
NS-sector through the correspondence to super-Liouville theory. A more direct way might 
be relevant. In [43J GL(N|N) models with NS-boundary conditions for the fermions are 
discussed. 

There are several interesting applications and generalizations of our work. First of 
all, it would be interesting to generalize our analysis to WZNW models on other super- 
groups. A candidate is the OSP(2|2) WZNW model. This model has several types of 
branes; spherical ones and AdS-type branes with either Dirichlet or Neumann boundary 
conditions in the U(l) direction. For the AdS-type branes it seems possible to establish 
a correspondence to boundary Af = 2 super-Liouville theory. The appropriate boundary 
action of the OSP(2|2) WZNW model is suggested using a relation between supergroup 
WZNW models and Af = (2,2) superconformal theories [13]. Such a correspondence 
would provide bulk one-point functions from [19J. 
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The correspondence between the H£ model and bosonic Liouville theory has been 
used to show a strong-weak duality (the Fateev-Zamolodchikov-Zamolodchikov duality 
[44] ) between the cigar CFT and sine-Liouville theory [45J. Using the boundary action of 
[4~T] we could extend this duality to worldsheets with boundary. Furthermore, we would 
like to understand correspondences and dualities involving supergroups, such as of the 
OSP-type and their cosets. There are also M = (2, 2) super conformal field theories on 
these spaces [3j H6] . To these cases mirror symmetry should be applied similarly to the 
case of the fermionic Euclidean black hole (17] . 
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A Some super analysis 

We list some useful formulae. There are two ways to extend complex conjugation to 
the ring of Grassmann numbers. We denote them by a bar and by the super star (j. The 
ordinary bar-operation is defined by 



c6 =00, = 0, 0i0 2 = 2 0l (A.l) 
for a complex number c and Grassmann odd elements 0, 0i and 02. The superstar is 

(c0)« =c0 tt , att = -0, (0i0 2 ) tt = e[e\. (A.2) 

They are related as follows; define the map a as a(x) — 1 if x is Grassmann even and 
a(0) = i if is Grassmann odd. Then it is straightforward to check, that 

X a = a(X) (A.3) 

for any Grassmann number X. 

The analog of transposition for super matrices is the super transpose st 

St 



A B \ I A 1 —C l 
CD} "I B* D l 



(A.4) 



Hermitean conjugation is defined as 

t = stoft. (A.5) 

It is important that this map is of order two (while the supertranspose and the superstar 
are each of order four). 
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B Four point function with a degenerate operator 



Generically it is quite difficult to obtain explicit expressions of four point function. 
The situation might change if one of the vertex operators belongs to a degenerate repre- 
sentation. In this appendix we study the case with hi = k/2. 

B.l Null equation from the degenerate operator 

As discussed in subsection 13.41 the state \k/2) is degenerate since a descendant \9) = 
JZ-\\k/2) is null. Therefore, we can set the operator corresponding to \9) to be zero, and 
this yields differential equation which correlation functions with the degenerate operator 
should satisfy. In the language of operator the null condition can be written as 

Jl l (x,£)$%(x,S\z) = 0. (B.l) 

Here JZi{x,£) is given by the mode expansion of the following operator as 

J~(x, £\z) = e- 2 ^o e - xJ tj-(z)e xJ »e 2 ^ (B.2) 

= J~(z) + 2xJ 3 (z) + x 2 J + (z) - 2£j-(z) + 2x^j + (z) . 

We consider correlation functions with the insertion of f lB.lj) . With the help of Ward 
identity 

N IN 

= - ^2[(x - Xi + \&i) 2 d Xi + (x - Xi)(g - £i)d (i - 2(x-Xi + £Zi)hi] ( JJ ® hi (xi, &|* 

t=l \i=l 

we can see that the correlation function with §k/2 should satisfy the following differential 
equations 



N 1 

V {(x - Xi + \&i) 2 d x . + (x- Xi )(Z - &)% - 2(x - Xi + CCi)hi} 

^— ' Z — Z; 



i=l 



N 

X 



Mx^^H^Xi,^)) = , (B.4) 



2 



which is called as the null equation. 

Let us focus on four point function. In this case we can set as (^1,02,^3,^4) = 
(zoo, 1,^,0), (x 1 ,x 2 ,x 3 ,x 4 ) = (xoo,l,x,0), and (6, 62, £3, £4) = (aW7, 1, 6, 0), and finally 
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take the limit of £00^00 — > 00. Picking up the term proportional to z^x^, we obtain a 
differential equation 

with 

D = zd X2 + (f + 7i£)d X3 + (z + l)d X4 + 77(2% + % + (z + 1)%) . (B.6) 

This equation largely restricts the form of correlator. Recall that the four point function 
is of the form (I3.29p . Expanding by the fermionic parameters, the holomorphic part may 
be written as 

Q = X^X n ^X-^X~^(A(X, z) + B(X, z) X 3X2 + C(X, z) X s + D(X, z) X2 ) ■ (B.7) 

Here Xij are defined in (13. lip and the cross ratios X, X3,X2 are in (I3.32|) and (13.331) . 
Replacing the correlator by its holomorphic part Q (IB. 71) and setting (xi,£i,Zi) as the 
fixed values at the final point, we find 

(x - z)A' + l24 A + r)£{{x - z)B' + ( 724 + l)B - xA') (B.8) 

+ (x- z)r)C + ( 724 + \)r)C + (x - z)(£ - xr])D' + ( 724 + - xr/),D = . 

Here ' represents the derivative with respect to x. Expanding this equation by 77, £ the 
above equation yields four independent differential equations. Solutions can be find as 

A(X, z) = a(z)(X - z)-^ 2i , B(X, z) = b(z)(X - z)' 72 ^ 1 , 

C(X, z) = c(z)(X - z)-^-^ , D(X, z) = d(z)(X - 2)" 724 -2 . (B.9) 

Here we should notice that A(X) — > A(x) — xi]C,A'(x). In this way, the null equation fixes 
the (X, X3, X2)-dependence completely, and now the problem is to obtain the explicit form 
of the functions a(z), b(z), c(z), d(z) of z. 

B.2 Solutions to the KZ equation 

It is known that correlators of WZNW models satisfy the KZ equation, and in our 
case it is written as (I3.15p . Here we fix the functions a(z), b(z), c(z), d(z) by utilizing the 
KZ equation. Since the KZ operator itself is bosonic, it does not mix the bosonic and 
fermionic parts of conformal blocks. First we focus on the bosonic part with a(z),b(z) 
and later we study the fermionic part with c(z),d(z). Notice that only the bosonic part 
appears in the two point function on a disk as seen in section 0J 
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Differential equations for a(z) and b(z) can be obtained by inserting the holomorphic 
part of correlator flB.7j) into the KZ equation (13.151) with N — 4. After a tedious but 
straightforward calculation we find 

kz(z - l)d z a(z) = [an(z - 1) + 0iz)a(z) - \b(z) , (B.10) 

kz(z - l)d z b{z) = z l2 i[\{li2 - 1) + %]a(z) + [a[{z - 1) + P[z]b(z) , (B.ll) 

where we have compared the terms with (x — z)~ 124 and f]C,(x — z)~ l2i . The coefficients 
are given by 

«i = |724 (724 + 1) - 7 24 (/i 3 + h 4 + \) + h 3 h 4 , (B.12) 

A = ^724(724 + 1) - 724(/i3 + M + M 2 , (B.13) 
«; = ±(724 + 1)(724 + 2) - ( 7 24 + l)(/l 3 + ^4 + |) + ^ + ^ + M 4 , (B.14) 
Pi = |(724 + 1)(724 + 2) - ( 7 24 + l)(/l 3 + /*2 + f) + f + f + M 2 - ±724 ■ (B.15) 

Since they are two independent first order differential equations, we have two independent 
solutions to them. 

With the two solutions, we can write down the conformal block as a linear combination 
of two independent functions. We set the form as 

jzS _ z ^[()ii-kii)(/iL-/ia-^-/i3(/i8-|)-)i4(/u-|)|h _ ^^[{hi-hi-\){hi-hi-X)-h2{h2-\)-h 3 {hs-\)\ 

x [f^(z)(x(l - V - z)-^ + f b %zH(x - z)-^- 1 ) (B.16) 
with % = 1,2, which behave as 

jrS _ z ^[{h 1 -h 2 )(h 1 -h 2 -^)-h 3 (h: i -^)-h4(h4-^)} x -j24 _)_... (g 1 7) 

jrS _ z ^l(h 1 -h2-^)(h 1 -h2-l)-h 3 (h 3 -^)-h 4 (h4,-^)]^ x -'r24-l _)_..._ (B.18) 

The overall normalization is our convention. The functions fai( z ) and fj?i(z) are found 
to be 

tS _ p(\ _|_ -1+^1-^2+^3+^4 -l+/ll+fe2+fe3 — ^4 ^ l-2fei+2fe2 ■ ]Q") 

•'ill \ 4k ' 4k " " 4k ' / ' V ' / 

xS _ ( — l+fei+/t2+fe3— fc4)(fel— ^2 — ^3 — ^4) ^ 
Jb,l — 4K-l+2/ti-2/i 2 

X ZF(1 + -1 + fe l~ fe 2+ fe 3+fe4 J _ -1+^1+^2+^3-^4 2 — 1-2^1+2^2 . ~A 

\ 4k ' 4k ' 4k ' / ' 

fS _ 1 ^~ 2h l^ 2h2 F ( 2-3h 1 +h 2 -h 3 +h 4 1 , ~h 1 +h 2 +h 3 +h A 1 , l-2fc 1 +2fc 2 . 7 \ 

•la.,2 l-2hi+2h 2 \ 4k ' ^ 4k ' ^ 4k ' ' 

_ l-2fal+2fc 2 , 2 -3/i. 1 +fe 2 -fe3+fe4 -h 1 +h 2 +h 3 +h 4 l-2h x +2h 2 . \ 
Jb,l — * V 4k ' 4k ' 4k ' *V ' 
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Here F(a, b, c; z) denotes the hypergeometric function. 

Above expressions are given in terms of z, thus they are suitable for the region with 
z ~ or z 3 ~ Z4. We may say that they are in the s-channel expression. In the t-channel 
expression with z ~ 1 or z 3 ~ z 2 , it is suitable to express in terms of 1 — z as well as 
1 — x. These expressions are simply given with by exchanging z, x and 1 — z, 1 — x, 
and moreover h 2 and /i 4 . We denote them by Tj with i = 1,2. These two expression are 
related by 

j:S = e -™ 724 ^STjrT + pSTj:^ ? jS = (pSTjV + pST^ ( B.20) 

with 

v 4k / V 4k / 

pST = M(i-^)r(i + ^) 

12 p^ fei-fe 2 -fe3-fe4 ^p^ _ 2-3fei+fc 2 -fe 3 +fe4 ^ ' l^-D.ZZJ 

PC l-2fei+2fe 2 \p/ l-2fei+2fo 4 \ 
77.ST 1 v 4k Z 1 v 4k / CR 9^ 

21 i/cr( 2 ~ 3fti+ft2 ~ fe3+fe4 )r(i + - ft i+ fc 2+ fc 3+fc 4 ^ ' ^.^o; 

p/ l-2fci+2fc 2 \p/i 1 -l+2fei-2fe 4 ^ 
F 5T V 4k / V 4k I CR 9/H 

2 r(i + - i + h i+ h 2+ h --i- h 4 }Y( 1 ~ hi+h2 ~ h3 ~ h4 ) ' 

Let us move to the fermionic part with c(z),d(z). As mentioned above, there are no 
such contributions to the disk amplitude, so we study them here only for completeness. 
We hope to report on more systematic analysis of closed strings in the OSP(l|2) WZNW 
model somewhere else. In the same way as before, we can show that the KZ equation 
leads to two independent first order differential equations for c(z) and d(z) as 

kz(z - l)d z c{z) = [a 2 (z - 1) + f3 2 z]c(z) + ±( 7l2 - \)zd{z) , (B.25) 

kz(z - l)d z d(z) = -[±(724 + \) - !f}c(z) + [a' 2 (z - 1) + P' 2 z]d(z) . (B.26) 
Here the coefficients are given by 



OL 2 = |(724 


+ 5) (724 


+ D 


- (724 


+ i)(h 3 + h A + \) + h 3 h4 , 


(B.27) 


& = |(724 


+ 5) (724 


+ D 


- (724 


+ l)(h 3 + h 2 + l) + !f + h 3 h 2 , 


(B.28) 


a 2 = ±(724 


+ 5) (724 


+ D 


- (724 


+ 5)(/l3 + /l4 + f) + ^ + ^ + /l 3 /l4 , 


(B.29) 


02 = |(724 


+ 5) (724 


+ D 


- (724 


+ l)(h 3 + h 2 + l) + !f + h 3 h 2 . 


(B.30) 
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With two independent solutions to the above equations, we can write down the conformal 
block as 



gS — z ^[{hi—h2)(h\—h2-\)-h3{h3-\)—h4,(h4,—\)\^y _ ^^[('»i-'m)(/ii-'m— §)— /i2(/i2-f)-/i3(h3-§)] 

x (f^zHx - z)'^ + - x V )(x - z)~^) (B.31) 

with i — 1,2, which behave like 

gS = /2 ^[( ft l~ ?i 2-5)(?»l-ft2-l)-ft3(fe3-5)-/i4(ft4-|)]^ a ,-724-| _|_ . . . ^ (B.32) 

gS = ^^[(/n-hajfhi-ha-ij-fts^s-i)-/^^-!)]^ _ x ^ x - l24 -i ^ ^ (B.33) 

The functions are 

i-2fei+2ft 2 ^ f l_ hl+h2+h3 _ h4 _i +fel+fe2 _fe 3 _ fe4 1 _2fe 1+2 fe 2 . ^ / R O/A 

/c,l - Z — K > 4k" ' 4k" (B.d4) 

_ j,-fel+fe2-fe3+fe4 1 - 2ft l+ 2fe 2 , |-fe 1 -fe 2 +fe3+fe4 \-h 1 +h2+h 3 -h 4 , , l-2/ii+2/i 2 \ 

/d,l - l-2/u+2ft 2 Z ^V 1 Ik" ' Ik" > 1H Ik" > 

_ -^+/ll+/l2-/l3-/»4 p/-, |-/ll+/l2-/l3+/l4 _ |-3/ll+/l2+/l3+/»4 1— 2/li+2/l 2 . \ 

■/ c,2 ~~ 4k-1+2/).i -2/i.o V Ik" ' 4k" ' 4k" ' ^/ ' 



'c,2 4k- l+2/ii-2/i 2 ^ V x 4k ' x 4k ' ■* 4k 

f 5 _ r? ( ^-hi+h 2 -h 3 +h 4 |-3/ti+/i 2 +fe 3 +/t4 -, l-2/ti+2/i 2 . „\ 

Jd,l — r \ 4k ' 1 4k ' 1 4k ' ^ • 



In the t-channel expression, functions are given by replacing h 2 -H- h± and (z, x) <H> 
(1 — z, 1 — x). The relation between two expressions is 

Gl = e-^+±) (G ST£T + ^T^T) ^ = e -^( 7 24 + i) {G STgT + qSTqT^ (3.35) 

with 

r / l-2fei+2fc 2 \ r /-| _| -l+2/ii-2fe 4 \ 

= J l i 4K , (B.36) 

Y(\ 2 — Zl2+/l3+/»4 ^p^ 2 — /il+/»2+/i3— /*4 ^ 



p/ l-2fei+2/t 2 \W l-2fci+2fe 4 ' 

GfJ = — ^ ^ — — — [ — — '- , (B.37) 

p^- 2 — 3/ll+/l2+/l3+/l4 ^p^ 2 ~ /ll+/l2 — Zl3+/l4-j 



T-i/i _ l-2/ii+2fe 2 | -l+2fei-2fe 4 \ 

Gff = 3 4K , (B.38) 

lV p^ _ ^-hi+h 2 -h 3 +h 4 ^^ _ |-3fei+fe 2 +fe 3 +fe4 ^ V 7 

p/i _ l-2h 1 +2h 2 \-p( l-2fei+2/t 4 \ 

GfJ = * ' \ 4K ^ . (B.39) 

p^ _ 2~ ' l l+' l 2+/»3— ^ 4 ^p^ 2~ ^i - ' l 2+/»3+'»4^ 
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Now that we have the complete set of conformal blocks, the four point function of 
bulk operators can be written down explicitly. Recall that the operator product expan- 
sion involving &k/2 has the simple form as in fj4. 12(1 . Therefore, the four point function 
g4(z,x,r),^) can be expanded with the above conformal blocks as 

9i (z, x, n, = C(h 2 )C(l - h 2 , h 3 , h A ) | JTf p _ C(h 2 )C(l -h 2 -l h 3 , h A ) \Fl\ 2 (B.40) 

+ c(h 2 )c(l -h 2 -l h 3 , h,)\g*\ 2 + c{h 2 )C{\ - h 2 , h 3 , K)\g s 2 \ 2 . 

After the modular transformation, the above expression is transfered into the t-channel. 
The expression is single-valued around z ~ 1 only if the three point functions satisfy the 
constraints 

C(h 2 )C(l-h 2 ,h 3 ,h) F 2 fFj 2 T C{h 2 )C{\ -h 2 -l h 3 , fc 4 ) Gfgf 
C(h 2 )C(l -h2-l h 3 , h) F^ T Ff 2 T ' C(h 2 )C(l - h 2 , h 3 , h) G S JG S J ' 

(B.41) 

These conditions are not enough to fix uniquely the three point functions as f)3.23p . and 
we need to make use of another four point function with a different degenerate operator, 
such as, In this case the operator product expansion is of the form as ^^-i ~ 

B.3 Basic three point functions of bulk operator 

The coefficients C(h) and C(h) in (14.121) are actually important quantities to compute 
the one point function of bulk operator on a disk. Here we obtain them with the infor- 
mation of (lB.4ip . These can be computed with the explicit form of three point function 
f)3.23p . but it might be instructive to find them in a different route. It would be also 
important if we want to obtain the three point functions without referring super-Liouville 
field theory. 

Before using (IB. 411) we would like to obtain constraint equations for C(h) and C(h) 
from three point functions as analyzed in [IS] for the SL(2) WZNW model. We consider 
the correlator 

(*i(x,$Mvi,m)*k- h (V2,ri2)) ■ (B.42) 

Utilizing the OPE formula (I4.12p we can expand around x ~ y% and x ~ y 2 . Comparing 
the two expressions we can find the relation 

C(|, h,\-h) = C{h)D{\ -h) = C(| - h)D(h) . (B.43) 

Here D(h) is given in f !3.19p . which appears in the two point function ( 13.1 SJ . In the same 
way from 

^1(^0^(2/1^1)^1-^-1(2/2,^2)) , (B.44) 
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we would obtain 

£(§, h,\-h-\)= C{h)D{\ -h-\) = C{\-h- \)D(h) . 
Now is the time to use (IB. 411) . Setting hi = /13 = h, hi = h± = k/2, we have 



C(h)C(%-h,h,%) 



6 4 ( 7 (6 2 (£; -2h- l))) 2 7 (26 2 /i) 7 (26 2 (/i - §)) 



^(7(1-^-1^,1) 
With the first equations of (1B.43j) and (1B.45j) . this equation leads to 

C{hf 



c(hy 



&V ( 1 (b\k-2h- l)) 7 (26 2 /i))' 



Combining with the second equations of (IB.43j) and flB.45[) . we may have 

D(h) 



C(h) = D(h) 



C(h) 



(B.45) 



^B.46) 



;B.47) 



^B.48) 



b 2 u 1 (b 2 (k-2h- l)) 7 (26 2 /i) 

up to a common constant factor. We can show that the explicit form of three point 
functions f!3.23j) also leads to the same expression. 



C Super AdS2 branes 



In this appendix we find the boundary action of the AdS2-like branes in the OSP(l|2) 
WZNW model. 



C.l The bulk action 

Let us start by stating the bulk action. We follow [TTJ with notation as 



S 



bulk 



- / ( / 2 , 
71 



+ e- 2 *(<9 7 - 000) (0 7 - 000) + 2e 



In the free field realization this becomes 
Sbulk = Sq + Si nt , 



So 



- I J 2 z 

71 



s 



hit 



d 2 z 



The bulk equation of motion for the auxiliary fields p and /3 are 

P = fce" 2 ^(0 7 - 050) , p + /36 = -2ke 



(3 = ke- 2b *(d-f -000), p + 



2ke- b ^de . 



(C.l) 



(C.2) 



(C.3) 
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C.2 The boundary action 

We use the same parametrization as [llj . Further let t a be the generators of 0SP(1|2), 
and denote the current by 

J(z) =kg- 1 dg = J2 taJa - ( C - 4 ) 

a 

Then we get 

J H (z) = 2kd(j) + 2ke- 2 *'yfry - 2 hrfQe^W + Be" 1 ' 39 , 
j E+ (z) = ke~ 2 *d 1 - ke-^QdQ , 

J E ~(z) = k6dd-ke- 2 ^ 2 d^-2k^d<p + kdj + ke- 2 ^6d6 + 2ke-^6d6^ (C.5) 

j F+ {z) = ^ke-^B^e - 2ke- 2 ^eede + 2ke^3e , 

J F ~ (z) = 2kd9 - 2k6d(j) - 2ke~ 2 ^d-i + 2k e - 2 ^99d9 + 2ke~^d9 , 
and similarly for J. We introduce a short-hand notation 

p> = ke-^idj-m), p' + P'e = -2ke- H d6, 

(C.6) 

P' = ke~ 2b *{d-f -686) , p' + P'6 = 2ke- H d6. 
Then the gluing conditions for the gluing map given by conjugation with X € (\2.8\i read 
7-7 = ce^-edd, p' = P' , p' = ep' , 

4k(d - B)4> - Ap'ce^ = {9 + e9)(p'-ep' + P'(9-e9)), (C.7) 

e4kd~9 + 4kd9 = 2k(9 + e9)(d + d)<j> + ce*{p' - ep' + p'(9 - e9)) . 

Using the bulk equations of motion (10.3|) the gluing conditions have the above form in 
the free field formalism just with P', P',p',p' replaced by P, (3,p,p. 

The position of the brane is parameterized by the number c. If c ^ 2, then we propose 
the following action 



9-9 + * 1 



2tt2 - c 



J du e"*(0 + e6) (d + d)(9 + e9) , (C.8) 



where Sb u ik is (IC.ip . Variation of the action under the Dirichlet constraint 7 — 7 = 
ce^ — e99 at the boundary vanishes, if the above gluing conditions hold and the usual bulk 
EOMs. 
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In the free field realization this becomes 



S — S'bulk + S] 



bdy , 



(C.9) 



where the interaction term of the bulk action is as before, but the free term gets partially 
integrated 



+ oVaKcf) - ^/d f3 - 7 d/3 + ddp + 9dp 



(CIO) 



The boundary term is 

S'bdy = So,bdy + Sj n t,bdy 



So, 



k 



bdy 



int,bdy 



2vr2 - c 



— / du 

Zir 



du 



Q(d + d)Q 



1 f b 
+ 27/^8^ ' 



(C.ll) 



,1 



ce H p + e b(f,/2 0{(3-{6 - eO) + p) 



Here, we introduced the additional fermionic boundary degree of freedom 0. Furthermore, 
we imposed the Dirichlet conditions 



(3 = (3 and p = ep 



(C.12) 



at the boundary. Integrating the auxiliary fields (3,(3,p,p and 6 gives the old action. 
Moreover the variation of the boundary action vanishes provided our choice of gluing 
conditions for the currents holds. Note also the extra boundary linear dilaton term coming 
with the geodesic curvature /C normal to the boundary. 

Finding a similar formalism for the fuzzy-spherical branes seems to be very difficult. 
One of the reasons is that in the first order form one has boundary conditions of the form 
p = dO which were considered in 



D Two point functions of boundary operator 

In the presence of boundary, we can insert boundary operators and consider their corre- 
lation functions. We assign boundary conditions corresponding to the super AdS2 branes, 
then the boundary operators can be defined by \l/f' p (t,rj\u) = Vf' p (t\u) + rjWj } ' p (t\u) as 
explained in subsection 16.21 In this appendix, we compute the following two types of two 
point functions. The first type is the two point function of primary operators 

(vf/(i|i)Vf 2 >io)) = 8(h-h)d(h;P,p') , (D.l) 
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where we set rji = just for simplicity. The second type is the two point function of 
descendants, and its form is assumed to be 

(pVf/(l|l)pVf;^(0|0)) = 5(h - h)d'{l x -p,p') . (D.2) 

The function d'(l\] p, p') could be different from the one for primaries. In order to compute 
d{l\\ p, p') and d'(l\] p, p'), we make use of a degenerate operator V^f, 2 (t\u). Contrary to 
the case of bulk operator, the boundary operator with I — —1/2 is not always degenerate 
and the situation depends on the boundary conditions p, p'. Here we assume that the 
operator is degenerate when p' = p±i/2, and we will see it is indeed the case. See [50lfTi] 
for more details. 



D.l First type of two point function 

First we study the two point function of primary operators ( ID. II) . We obtain a con- 
straint equation for the coefficient d(h; p, p') by utilizing the three point function with 
the insertion of a degenerate boundary operator V P ly T The operator product expansion 
involving the operator is given as 

V p "/(t 1 \u 1 )V?> p (h\u 2 ) = \u 12 \ 2b \ + (l)[V p "\ p (t 2 \u 2 )] e (D.3) 

2 1 2 

+ \u 12 fd (l)[W p "' p (t 2 \u 2 )] o + |n 12 | fc2 - 262 'c„(/)t 12 [Vf;'f(t 2 |n 2 )] e . 
Taking different limits of the three point function (y p _f Vf ' p \> p ' p i ), we have a constraint 

~~ 2 '+2 

equation 

c4l)d(l + §; p", p) = c + (l + \)d{l; p', p) . (D.4) 

We can obtain the explicit form of d(l; p', p) by solving this equation, however in order to 
do so we need to know c_(Z) and c+(7) in the above operator product expansion. 

In the following we compute c_(7), c + (l) by utilizing a free field realization of OSP(l|2) 
model developed in appendix O In the free field formulation the interaction terms may 
be given b^. 

S int = i\ J d 2 z [(p + 09)(p - P6)e H ] +\ B J du [e H ' 2 Q(pe + p)] . (D.5) 

Here we omit the terms with /3/3e 2b<?i and (3e b< ^ since they can be generated from the other 
terms. Treating the interaction terms perturbatively, the boundary conditions are set as 

P = -P, 7 = -7, P = (P, = (9. (D.6) 
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Here we change the notation as 7 — > —7 and /3 — > —j3 from the previous one. 
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With this type of free field realization, vertex operators are usually given in the m-basis. 
However, in our case, the expression in the x-basis is suitable, which was actually discussed 
in [51] for the SL(2) WZNW model. Following their arguments we use the leading part 

as 

V,(t|«) = | 7 -t|-V^ . (D.7) 

The overall factor is just our convention. This convention is equivalent to set c+(Z) = 1 
since we have 

V_i(t 1 \u 1 )V l (t 2 \u 2 ) ~ \u 12 \ 2b2l \ 1 -t 2 r 2l+1 e b V- 1/2 ^(u 2 ) + --- (D.8) 

for t\ —> t 2 ,u\ — > u 2 . See section 4 of [H] for similar calculations. 

Similarly we compute c_(Z) using the operator product expansions of free fields 

^(z)j(w) ~ , p(z)9(w) ~ , 4>(z, z)<f)(w, w) ~ — In \z — w\ 2 . 

z — w z — w 

(D.9) 

Anti-holomorphic part is treated by utilizing the mirror trick and operator product ex- 
pansions are given in a similar manner. In particular, the scalar field <p(u) inserted at 
the boundary has the OPE relation as <p(ui)<j)(u 2 ) ~ — 41n|M 12 |. For the calculation of 
c_(/) we have to include the effect of the interaction terms. Since there are both bulk 
and boundary interaction terms, we separate the function as c_ 

where cl\1) and c_ (I) denote the contributions with bulk and boundary interactions, 
respectively. 

When the bulk interaction term contributes, we have to evaluate 

-iX j ^(p + ^)(p-^) e ^(0)| 7 -ti|e-^^wi)|7-t 2 r 2 'e^(« 2 ) , (D.10) 

where the integration is over the upper half plane Im z > 0. Applying the Wick contraction 
of free fields, it reduces to 

(D.ll) 

if we pick up the terms proportional to t 12 . Non-trivial contribution arises from the 
7)-system, which can be computed as 

—21 

f3{z)\ 1 {u 1 ) -t 2 - t 12 || 7 M - t 2 \- 21 ti 2 |7M " t 2 \~ 2L ~ 1 (D.12) 

z -u 2 

for the term we want. In the following we may set Ui = 1, u 2 = for simplicity. From the 
above expression we can see that the bulk contribution cl^ is written in a integral form 

as 

» . r .o \i-z\ 2b2 (\ i 





1 


— z\ 


2b 2 


\z\ 


4b 2 i 


z — 


z\ 


b 2 +l 



= 2lX ( I i „idh 2 n ~ M \ ~ + - ) • (D.13) 
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When the boundary interaction terms contribute, we have to compute 

[ dx ^j dx 2 Q(p + P6)e b ^ 2 (x 1 )Q(p + (36)e b ^ 2 (x 2 ) (D.14) 



x|7-ti|e-5^(l)| 7 -t 2 |- 2 'e^(0) . 

Now that we inserted boundary operators at u% = 1 and u 2 = 0, the boundary conditions 
for the regions C\ = [— oo,0], C 2 = [0, 1], C 3 = [0, oo] are different. Boundary conditions 
are related to the parameter in the boundary interaction term of (ID. 5ft . and we use 
A^ with i = 1,2,3 for the parameter in the each region. As in the same way as c_ we 
obtain 

Z,J — 1 J 

As seen above, the coefficient c_(Z) can be written in terms of integral, and fortunately 
the integrals can be performed explicitly as in [50j El- 

Now the problem is to compute the following form of the integral as 

j^uj^ v^-^t (D . 16) 

J J \XiX 2 \ 2b l \Xx - X 2 \ b +i \Xi X 2 J 

For the purpose it is convenient to rewrite 

J = 7^i9 u I(u)\ u=0 , I(u) = / dxi / dx 2 



2bH u v nu= " ' y J J V *\(x 1 -u)(x 2 -u)\M l i\x 1 -x 2 \*+ 1 ' 

(D.17) 

Since the integral I(u) can be reduced to 

I(u) = (1 - uf- 4b2l+1 I(0) , (D.18) 

we obtain a simple formula as 

452/ _ 52 _ 1 

In this way we have observed that the integral J is related to another integral 1(0) in 
a simple way. This fact is quite nice since 1(0) have been computed in the last part of 
section 3 in [14], therefore we can borrow their results. It is also possible to reproduce 
their results by explicit calculations. 

With the above integral formula, we can obtain the explicit expression of c_(7). The 
contribution with bulk interaction term is 

c> } = -AC/o sin(vrfe 2 ) sin 2 (27r& 2 /) (D.20) 
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with 



= 2/ 7( ^ (1 + ^ )) r(-2& 2 /)r(26 2 /)r(i - § + 26 2 /)r(± - § - 26 2 /) 

7TSm7T0 2 ^ ^ ^ Z 

The contribution with boundary interaction terms is 

C W = J (-(A^) 2 sin7r6 2 cos^ - (A|) 2 sin 2tt6 2 / cos7r(26 2 Z - f ) 

+ (A|) 2 sin 2vr6 2 / cos vr(26 2 Z + f ) + A^A| sin vr6 2 cos vr(26 2 Z - f ) 



(D.21) 



(D.22) 



A^A| sin vr6 2 cos tt(26 2 Z + f ) + X 2 B \ B 2 sin cos vr(26 2 Z - f ) cos vr(26 2 Z + 



6^ 



>2 \3 



TTfe 2 



6 2 ' 



6 2 



We relate the parameters of boundary condition A b and p by the following formula as 



(A' B ) 2 cos^ = A(sinh27r6 2 p 



(A^) 2 cos z£ = A(cosh 27r6 2 pi) 



2 „ \2 



(D.23) 



for C = +1 and £ = — 1, respectively. Here we set p\ = p, p 2 = p', P3 = p" = p' — i/2. For 
C = +1, we then find 



c_(Z) = — 4A/ sin7r6 2 cos b 2 Ti(ip' + ip + I) sin b 2 n{ip' — ip + I) 
x sin6 2 7r(ip' +ip + I + |) cosb 2 %(ip' — ip + l + |) , 

and for £ = — 1 

c_(Z) = — 4A/osin7r6 2 sin6 2 7r(ip' + zp + Z) sin6 2 7r(zp' — ip + l) 
x cos b 2 n(ip' + ip + I + |) cos b 2 %(ip — ip + I + |) . 



(D.24) 



(D.25) 



When we set p" — p' + i/2, we again obtain c_(Z) as above but with p — >• — p, p' — >• — p' . 

Now that we know c + (Z) and c_(i), we have prepared for solving the constraint equation 
(ID.4p . A solution for the coefficient d(l; p, p') to the constraint can be written in terms of 
special functions G(x) and S(x). With Q — b + 1/6, they are defined by [BP] 



lnG(x) 



lnS(x) 



dt 

3 dt 



-Qt/2 _ „-arf 



(1 -e- M )(l -e-*/ fc ) ' 2 
sinh(Q/2 - x)t (Q - 2x) 



, (Q/2-x) 2 _ t , (Q/2-z) 

~~ r~ ™ 6 



2sinh6t/2 sinht/26 



and behaves under shifts as 

lA/2-bx 

G{x + b) = -^^T{bx)G{x) 



Ux/b-l/2 

G(x + 1/6) = T(x/b)G(x) 



(D.26) 
(D.27) 

(D.28) 



S(x + 6) = 2 sin(7r6x)S(x) , S(x + 1/6) = 2 sin(vrx/6)S(V) . 



(D.29) 



53 



It is also useful to define as in 



G NS (a;) = G(f )G(2±2) , G R (x) = G(^)G(^) , (D.30) 

S NS (x) = S(f )S(5±2) , S R (x) = S(^)S(^fi) . (D.31) 
For ( = +1 a solution for the coefficient d(l] p', p) is 

d(l; p', p) = r(l - 2/)(7rA 7 (|(I + b 2 ))b- l - b2 )- 2{l -^G K (b - 46Z)G R (46Z - by 1 (D.32) 

x [S R (26(Z + zp + zp'))S NS (2&(Z - zp + z'p'))S R (26(Z - ip - ip'))S m (2b(l + zp - ip'))}- 1 . 
For £ = — I it is given by 

d(Z; p', p) = r(l - 20(7rA 7 (|(l + 6 2 ))r 1 ^ 2 )~ 2 ^3)G R (6 - 46/)G R (46/ - b)~ l (D.33) 

x [S NS (26(Z + ip + ip'))S NS (2&(Z - *p + zp'))S NS (26(/ - ip - zp'))S NS (26(/ + ip - ip'))]- 1 . 

In section 16.21 we compute the spectral density of open string by using the two point 
functions. In particular, the dependence of boundary condition would be important. 

D.2 Second type of two point function 

In order to compute the spectral density of open string, we also need the coefficient 
d'(l; p, p') in flD.2p . The function can be computed in a similar way as before. In this case 
the relevant OPE is 

vf/(ii|«i)pVf'^(t 2 |« 2 ) = \u l2 \ 2b \ + (l)[pV?y{t 2 \u 2 )} (D.34) 

2 1 2 

+ |«i 2 | b2 ~ 1 c (/)[Vf'' p (t 2 | M2 )] e + \u 12 f- 2b2l c.(l)t 12 [ P V^f (t 2 \u 2 )} Q 



with p" = p' — i/2. Taking different limits of three point function (V p i' p pVf ' p pV p ' P i ), we 
have 

c_(0d'(Z + |; p", p) = c+(Z + \)d\l; p', p) . (D.35) 

First problem is therefore to find out the explicit forms of c + (Z) and c_(Z). After that we 
solve the constraint equation in order to obtain d'(l; p',p). 

As before we express the vertex operator in terms of free fields, and now we adopt 

pVi{t\u) = |7 - t\- 2l pe bl<t) . (D.36) 

This overall normalization is the same as the requirement c + (l) = 1 since 

V_i(*i|ui)pV,(f 2 |u 2 ) ~ \u 12 \ 2b2l \ 1 -t 2 \- 2l+1 pe b{l ~ 1/2) ^u 2 ) + --- (D.37) 
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for t\ — > t2,U\ — > u 2 . A difficult part is the computation of c_(7), which we divide as 
c_(7) = c_ (I) + cl\1) as before. The contribution with the bulk interaction is given by 

-iX J d 2 z(p + p9)(p - £0)e^(z)| 7 - ti|e-^(l)p|7 - t 2 |" 2I e w ^(0) , (D.38) 
thus we have 

= 2/AC / J.- , I 1 ,-^, f 1 + ^) ( i + i ). (D.39) 



/ \ z z 

For the boundary contribution we have to calculate 



/" dx f dx2 Q^ p + /3e) e b / 2 ' t> (x 1 )e(p + (3e)e b/2 ' t> (x 2 ) (D.40) 

x | 7 _ tl | e -^(i)p| 7 _t 2 |-V^(o) , 

which leads to 



~(b) 
c_ 



~ 2 7 Ci l 7c,- 2 |xiX 2 | 2fe2Z |xi - X 2 | fe2+1 V ^1^2 / V^l ^2 



(D.41) 

The integrals can be divided into two parts, and the first terms are the same as before. 
Therefore we just need to examine the second terms. 
Notice that the second terms are of the form 

3= K l{1 rJ,lf- X2)l " ( L + 1 ) ■ (D.42) 

J J \x 1 x 2 \ 2b l+l \xi - x 2 \ b 1 \x 1 X 2 J 

Therefore we can reduce them into more simpler integrals as 

46 2 Z-6 2 -l~ . ~ f , f , 1(1 -xi)(l -x 2 )| fe2 

The integrals of 1(0) have not been calculated in [T3], so we have to do it by ourselves. 
By combining the first term and the second term in the integral, we obtain the explicit 
form of the bulk contribution as 

= -\(I sin(7r6 2 ) sin 2 (27r6 2 /) (D.44) 

with 

/o = 2/ (i - g^L) ^^r(-26 2 /)r(26 2 /)r ( i - f + 26 2 /)r(i - § - 2hH) . 

(D.45) 
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The contribution with the boundary interaction terms is 

c^> = J (-(A^) 2 sin vr6 2 cos ^ - (A|) 2 sin 2vr6 2 / cos vr(26 2 / - f ) (D.46) 

+ (A|) 2 sin 2vr6 2 / cos vr(26 2 / + y ) - A^A| sin nb 2 cos tt(26 2 / - f ) 

+ A^A| sin tt6 2 cos tt(26 2 / + f ) + A| A|2 sin ^ cos tt(26 2 / - f ) cos tt(26 2 / + %\ 

Compared to the previous result, we have opposite signs as A^jA 2 ^ — Y — ^b^b ^b^b — ^ 
— A^A^0 along with the different factor in I . For £ = +1, we then find 

c_(Z) = - 4A/ sin7r6 2 sin6 2 7r(zp / + ip + I) cosb 2 n(ip' -ip + l) (D.47) 
x cos b 2 w(ip' + ip + I + |) sin b 2 7r(ip' — ip + I + |) , 

and for ( = — 1 

c_(Z) = - 4A/ O sin7r6 2 cos6 2 7r(ip' + ip + I) cosb 2 n(ip' - ip + l) (D.48) 

x smb 2 ii(ip' + ip + I + |) sin6 2 7r(ip' — ip + / + ^) . 

When we set p" = p' + i/2, we again obtain c_(7) as above but with p — > — p, p' — > — p'. 

Using the explicit form of c + (l) and c_(/) we solve the constraint equation f]D.35|) for 
d'(l; p', p). A solution may be given by 

d'{l- p', p) = g(l)T(l - 2/)(7rA 7 (|(l + ^r^V^G^ - 4bl)G R (4bl - b)' 1 

x [S NS (26(/ + zp + ip'))S R {2b{l -ip + ip'))S NS {2b{l -ip- ip'))S R {2b{l + ip - ip'))}' 1 

(D.49) 

for C, = +1 and 

d\l- p>, p) = g{l)Y{\ - 20(7rA T (|(l + b 2 ))b^ 2 y 2 ^ G R {b - Abl)G R {Abl - by 1 

x [S R (2b(l + ip + ip'))S R (2b(l -ip + ip'))S R (2b(l -ip- ip'))S R (2b(l + ip- ip'))}- 1 

(D.50) 

for Q = — 1. The factor g(V) depends on the notation, and in the present case it is given 
by a solution to 

9(1) . b 2 (l + b 2 ) 

- 1 " 7^7^ T ■ ( D - 51 ) 



g(l + 1/2) (26 2 /) 2 - 1 ' 

Thus we may use 

r(2/ + Vl + &~ 2 + &" 4 )r(2Z - Vl + b~ 2 + 6" 4 ) 



16 If wc compute the boundary contributions naively, then we have the same signs as before. We change 
the signs according to the prescription for AT = 1 super-Liouville field theory in [TJ1 [55] . 
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